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INVESTIGATION OF NONLINEAR INTERACTION PHENOMENA I N  THE IONOSPHERE 

- 1. General In t roduct ion  

The o v e r a l l  ob jec t ive  of t h i s  research inves t iga t ion  i s  t o  study 
c- 

such ionospheric  phenomena as thermal r ad ia t ion  noise,  the  propagation 

of n a t u r a l l y  occurr ing r ad io  noise through t h e  ionosphere and the  genera- 

t i o n  of VLF emissions.  I n  pa r t i cu la r ,  various traveling-wave i n t e r a c t i o n  

i 
- 

mechanisms a re  being s tudied  i n  order t o  determine t h e i r  a p p l i c a b i l i t y  

i n  explaininy: var ious ionospheric phenomena] such as indica ted  above. 

Many of the  phenomena of i n t e r e s t  involve t h e  i n t e r a c t i o n  of 

d r i f t i n g  streams of charged p a r t i c l e s  and electromagnet ic  waves, 

inc luding  the  e x c i t a t i o n  of e l e c t r o s t a t i c  plasma o s c i l l a t i o n s  and cyc lo t ron  

wave i n t e r a c t i o n s .  Since many of these  phenomena are nonl inear  it i s  

reasonable t o  apply the  nonlinear methods of ana lys i s  used on TWT's and 

beax-plasma i n t e r a c t i o n s  t o  t h e i r  s tudy .  The two nonl inear  methods being 

used a r e  a Lagrangian p a r t i c l e  ana lys i s  and one i n  which the  nonl inear  

c o l l i s i o n l e s s  Boltzmann equat ion i s  solved by a moment expansion method. 

The fol lowing sec t ions  of t h i s  repor t  ou t l i ne  the p a r t i c u l a r  

problems present ly  being inves t iga ted  and a summary of t he  ana lys i s  

methods i s  given i n  the  appendices.  

- 2 .  Study of Thermal Radiat ion (Noise) from the  Ionosphere 

2 .1  In t roduc t ion .  I t  i s  wel l  known t h a t  because the  ionosphere 

a c t s  as an absorber of r ad io  waves, it can a l s o  a c t  as an emi t t e r  of 

thermal r ad io  no i se .  It has been conclusively demonstrated by var ious 



 worker^^,^.'^,^ t h a t  t he  thermal emission from the D-region can, under 

favorable condi t ions,  be observed with a dipole  antenna. 

Pawsey e t  a l .  have i d e n t i f i e d  and measured the  thermal r a d i a t i o n  from 

the ionosphere i n  the v i c i n i t y  of 2 mc/s i n  the temperate l a t i t u d e .  

For example, 

It appears t h a t  u sua l ly  t h e  thermal r a d i a t i o n  has been neglected 

because i t s  l e v e l  i s  exceedingly low, as i l l u s t r a t e d  by Pawsey e t  a l .  

and it does not c o n s t i t u t e  an appreciable  source of i n t e r f e rence  i n  r a d i o  

communication. It must be pointed out ,  however, t h a t  t h e  noise r ad ia t ed  

from a plasma (e .g., t h e  ionosphere) i s  not,  i n  a l l  cases ,  necessa r i ly  

a de t r imen ta l  e f f e c t ,  such as it i s  i n  communication, s ince,  i f  the  

s p e c t r a l  d i s t r i b u t i o n  of the emitted energy i s  c h a r a c t e r i s t i c  of the 

plasma p rope r t i e s ,  a measurement of r a d i a t i o n  provides s p e c i f i c  information 

on the plasma. A s  an example, knowledge of t he  r ad ia t ed  power g ives  

a measure of t he  e l e c t r o n  temperature i n  the  plasma, and t h i s  has been 

used as a powerful diagnost ic  technique. For example, Pawsey e t  a l .  have 

obtained information on t h e  e l e c t r o n  temperature, from t h e i r  observation, 

using a method based on a simple macroscopic concept under thermodynamic 

equi l ibr ium. With the a i d  of the Nyquist noise formula for a v a i l a b l e  

noise power, they found the  temperature of e l e c t r o n s  a t  a he igh t  of 

about 70 and 80 km t o  be around 240 t o  290°K. 

For a plasma (e.g, ionosphere) i n  a s teady s ta te ,  a macroscopic 

r a d i a t i v e  t r a n s f e r  concept without d e t a i l e d  knowledge of t he  atomic 

processes can be appl ied and emission spectrum determined from t h e  

electromagnetic wave absorpt ion,  t ransmission and r e f l e c t i o n  p rope r t i e s  of 

the plasma. These determinations are, i n  general ,  complicated by t h e  

nonuniformity and geometrical  configurat ion of t he  emi t t i ng  plasma. , 

I n  view of t he  f a c t  t h a t  a c u r r e n t  survey of the l i t e r a t u r e  shows 

t h a t  no d e t a i l e d  information with regard t o  the  generat ion mechanism of 
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ionospheric thermal r a d i a t i o n  i s  avai lable ,  it is  propo'sed t o  undertake 

t h e  study of t h i s  phenomena, which should serve as an a id  toward our 

understanding of the  fundamental process i n  t h e  ionospheric thermal 

noise  mechanism. 

2.2 Statement of the  Problem. - 
2.2.1 Mature of the Problem. It i s  w e l l  known t h a t  the - --- 

thermal r a d i a t i o n  from d i s s i p a t i v e  bodies i s  due t o  the random thermal 

motion of the charges i n  the bodies .  I f  the body i s  a t  a uniform tempera- 

t u r e ,  one approach t h a t  may be used f o r  studying the r a d i a t i o n  may be 

c a l l e d  the i n t e g r a l  approach. The body as a whole i s  considered t o  be 

nonradiating, and t h e  power t h a t  it absorbs from i t s  surrounding, which 

i s  assumed t o  be a t  the temperature of the  body, can be computed. This 

power i s  s e t  equal  t o  the power r ad ia t ed  by the body. I n  t h i s  approach 

one makes no attempt t o  determine the noise c u r r e n t  f l u c t u a t i o n s  t h a t  

are the  cause of the  thermal r a d i a t i o n .  I n  those cases,  i n  which the  

temperature of the  body i s  nonuniform, t h i s  approach fa i ls .  

Another approach, which may be cal led the "Nyquist source treat- 

ment", focuses a t t e n t i o n  upon the sources of the r a d i a t i o n ,  t h e  r e l evan t  

s t a t i s t i c a l  p rope r t i e s  of which are determined. Once these are known, 

the determination of the r a d i a t i o n  i s  conceptually a simple problem, 

although usual ly  mathematical d i f f i c u l t i e s  arise. I n  the p re sen t  study, 

the  latter approach i s  adopted, and t h e  ionosphere i s  considered as a 

d i s s i p a t i v e  media i n  which t h e  random thermal motions of the charged 

p a r t i c l e s  a c t  as a source of the thermal r a d i a t i o n .  This random thermal 

motion of charge can come about i n  various ways (e .g . ,  due t o  c o l l i s i o n  

between p a r t i c l e s  o r  due t o  the  presence of var ious  kinds of e l e c t r o -  

magnetic waves propagating i n  the ionosphere).  
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The following working model of t he  ionosphere s h a l l  be postulated 

f o r  the present  s tudy .  It  i s  assumed t o  c o n s i s t  of a concentr ic  s p h e r i c a l  

s h e l l  of ionized media i n  which the  temperature, e l e c t r o n  dens i ty  and 

c o l l i s i o n  frequency may depend on the  a l t i t u d e ,  with the  presence 

of the geomagnetic dipole  f i e l d .  It i s  f u r t h e r  assumed t h a t  i n  the 

ionosphere a l i n e a r  c o n s t i t u t i v e  r e l a t i o n  e x i s t s  between the a-c conduction 

current  Jd d r iven  by an applied a-c e l e c t r i c  f i e l d  E of the form 
2 1 

a 
where o i s  a tensor ,  a func t ion  of frequency and p o s i t i o n .  

A small-s ignal  ana lys i s  s h a l l  f i r s t  be considered, followed by 

considerat ion of the l a rge  - s i g n a l  ana lys i s  . 
The following th ree  aspects  are t o  be inves t iga t ed :  

1. Since a fundamental problem i n  a noise ana lys i s  i s  the  determina- 

t i o n  of the ava i l ab le  noise power per  u n i t  bandwidth as a func t ion  of 

frequency, a n  attempt s h a l l  be made t o  o b t a i n  the s p e c t r a l  d e n s i t y  of 

t he  open-circuited noise vol tage on the antenna used f o r  the measurement 

o f  the  thermal noise from the ionosphere.  

2 .  I n  order  t o  ga in  a better understanding of the phenomenon the  

time-space c o r r e l a t i o n  funct ion of t he  noise source func t ion  i s  t o  be 

determined. 

3 .  The c a l c u l a t i o n  of t he  thermal power r ad ia t ed  from the ionosphere 

s h a l l  be i n v e s t i g a t e d .  

_ _ _ -  2.2.2 Basic Approach. A body a t  nonuniform temperature i s  

However, i n  those cases i n  which the  not i n  thermodynamic equi l ibr ium. 

d i s t r i b u t i o n  func t ion  of charge c a r r i e r s  dev ia t e s  only s l i g h t l y  from the  

equi l ibr ium d i s t r i b u t i o n  ( so  as t o  produce h e a t  and cu r ren t  f low),  and 
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t h i s  inc ludes  a l l  cases  f o r  which a temperature can be reasonably 

def ined,  it would be expected t h a t  t h e  rad ia ted  noise p o w e r  could s t i l l  

be computed as t h e  superpos i t ion  of the  noise  power radiated from t h e  

var ious  volume elements of t he  body. I n  t h i s  case each element a t  a 

p a r t i c u l a r  temperature r a d i a t e s  the noise power it would radiate a t  

equi l ibr ium a t  t h e  same temperature. Such an ana lys i s  calls  f o r  an 

approach t o  t h e  f l u c t u a t i o n  problem tha t  cons iders  each d i f f e r e n t i a l  

volume element s epa ra t e ly  as an absorber and emitter of noise power. 

It c a l l s  f o r  t he  in t roduc t ion  i n t o  Maxwell's equat ions of a source t e r m  

analogous t o  the  source t e r m  of the  Langevin equat ion i n  the theory of 

Brownian motion. 

Although Maxwell's equat ions and t h e  c o n s t i t u t i v e  r e l a t i o n  are 

s u f f i c i e n t  t o  solve most electromagnetic problems, they are i n s u f f i c i e n t  

f o r  noise  s t u d i e s .  The cu r ren t  dens i ty  der ived from the  c o n s t i t u t i v e  

r e l a t i o n s  represents  only t h e  cu r ren t  derived by the  electromagnet ic  

f i e l d .  Beside t h i s  derived cur ren t ,  the cu r ren t  dens i ty  f l u c t u a t i o n  

caused by the  random motion of t h e  charges must be considered.  They can 

be taken i n t o  account by in t roducing  i n  Maxwell's equat ions a random 

dr iv ing  cu r ren t  dens i ty  d i s t r i b u t i o n ,  which i s  independent of t h e  e l e c t r o -  

magnetic f i e l d .  It is ,  i n  general ,  necessary t o  introduce such Langevin 

terms f o r  both the  magnetic cu r ren t  densi ty  and e l e c t r i c  cu r ren t  dens i ty .  

Two cases  are t o  be considered: 

1. 

2. 

Maxwell's equat ions with t h e  Langevin equat ion .  

Maxwell's equat ions with Boltzmann's equat ion .  

- 2.3 Ihckground Related Materials. 

2.3.1 Nyquist Source Treatment. A s t e p  toward t h e  de t e r -  

mination of t he  cu r ren t  f l u c t u a t i o n  i n  a l i n e a r ,  d i s s i p a t i v e  medium has 
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been taken by Rytov’. 

that  by pos tu l a t ing  some c o r r e l a t i o n s  f o r  the c u r r e n t  f l u c t u a t i o n  i n  

such a media a c o r r e c t  d e s c r i p t i o n  of the thermal electromagnetic f i e l d  

can be obtained.  H e  a l s o  computed (1953) the noise power r ad ia t ed  from 

a body i n  f r e e  space.  

He considered ordinary conducting media and showed 

Haus‘ has been ab le  t o  determine the c o r r e l a t i o n s  of the c u r r e n t  

f l uc tua t ion  i n  a l l  uniform l i n e a r  d i s s i p a t i v e  media. Vanwormhoudt and 

Haw7 have generalized these r e s u l t s  t o  nonuniform media. T h q  include 

anisotropic  media, d i s s i p a t i v e  media, and a media f o r  which the r e l a t i o n -  

ship between the  cu r ren t  dens i ty  and the  electromagnetic f i e l d  i s  not a 

loca l  r e l a t i o n .  Within c e r t a i n  l i m i t s  t h i s  approach can be used t o  

t r e a t  cases with nonuniform temperature d i s t r i b u t i o n .  Another a t  t ,ractive 

feature  of such a treatment i s  the  simple r e l a t i o n  between t h e  s t a t i s t i c a l  

propert ies  of  the source f l u c t u a t i o n  and the loss  c h a r a c t e r i s t i c s  of the 

medium. 

2.3 .2  Generali  zed Nyquist Theorem. ( Callen e t  a 1  .’ 9 ”) The 

spec t r a l  dens i ty  of the open-circui t  noise vol tage of a one-port  i n  

thermodynamic equi l ibr ium i s  proport ional  t o  the  r e s i s t i v e  p a r t  of the 

impedance of the one p o r t .  If one denotes by 8 the  temperature of the 

one p o r t  expressed i n  energy u n i t s  by means of Boltzmann’s constant ,  then 

Haus obtained ( f o r  a l o s s y  c a v i t y  problem), 

Q~ = 2e G , (2.3) 

where  Q i s  t he  s p e c t r a l  operator  and G i s  an operator  c h a r a c t e r i s t i c  of n 

a l o s sy  medium. 
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The c o r r e l a t i o n  matr ix  i s  

and t h e  spectral matr ix  is  

m 

-m 

o r  

(2.4) 

(2.5) 

Equations 2.6 and 2.7 express  the  spec t r a l  mat r ix  and c o r r e l a t i o n  matr ix  

of the  noise  cu r ren t  dens i ty  source i n  a l i n e a r ,  lossy, e lectromagnet ic  

medium i n  thermodynamic equi l ibr ium, where y( r , s ,T)  i s  t h e  Green‘s 
L.-1 

conduct iv i ty  mat r ix  of t h e  medium. 

2.3.3 Langevin Equation. 

1. The source t e r m  of t h e  Langevin equat ion  i n  the  theory of 

Brownian motion has been discussed by W a x l o .  

2 .  Rytov’ has  discussed t h e  Langevin equat ion and t h e  source term 

f o r  t he  media i n  which a l i n e a r  r e l a t ionsh ip  e x i s t s  between the  a-c 

conduction cu r ren t  dens i ty  J 

E of t h e  form 

b 
dr iven  by an appl ied  a-c e l e c t r i c  f i e l d  d 

L 

3 .  An electromagnet ic  desc r ip t ion  of t he  plasma can be made by 

using e i the r  Maxwell’s equat ions and the  Ebltzmann equat ion;  

7 



2 1 a2 
o z  

1 a$ 
- post 

V x H  = J + E  

V x E  = 

L A >  

= ( ~ > , o l l .  
. Vrf + (E  + v x B) . Vvf 

A 
J = - e J  vfd3V , 

( 2  .lo) 

(2.11) 

or by a somewhat less r igorous bu t  a more e a s i l y  solved set  of equat ions 

which i s  a combination of Maxwell's equations and the  Langevin equat ion.  

A I 
J = - n e v  

where v i s  responsible  f o r  damping and i s  r e l a t e d  t o  the average- 

momentum t r a n s f e r  c o l l i s i o n  frequency of t he  e l e c t r o n s  with the o the r  

cons t i t uen t  of t he  plasma. The r e s t r i c t i o n s  and assumptions, which are 

inherent  i n  the  usage of Eq. 2.12 r a t h e r  t han  Eq. 2.10J have been 

discussed by s e v e r a l   author^'^,'^,'^. 

be solved f o r  t h e  cu r ren t  dens i ty  i n  terms of the  plasma parameter and 

electromagnetic f i e l d  ( i n  the  form of Eq. 2 .1) :  

For example Eqs . 2.12 and 2.13 can 

where 0 = 0 0 0 are given'" as func t ions  of v, w, up, %, the  

c o l l i s i o n ,  angular,  plasma, and gyro frequencies  r e spec t ive ly ,  and with 

B =  B 

xx yy, zz, xy 

1 A 
az t he  e x t e r n a l  magnetic f i e l d  p re sen t .  

0 



- 2.3.4 Thermal Noise. Nyquist15 derived the  spectrum and 

ava i l ab le  power of thermal noise thermodynamically. 

formula f o r  the  ava i l ab le  power i s  given by 

The Nyquist noise 

P = k T e A f  , 

sfnere k i s  Boltzmann's constant ,  T 

plasma and Af i s  the bandwidth of the detect ion system. 

i s  the e l e c t r o n  temperature of the  e 

The treatment based 

on a microscopic process taking account of c o l l i s i o n s  of e l e c t r o n s  and 

atomic and molecular CcmrJonents of the plasma r e s i s t o r  a re  Liven by 

Freeman''. He &ri\:ed the power spectrum f o r  a r e s i s t o r ,  using the 

Four i e r  techniqils, as 

P = 4 g k T  (2.16) 

where g i s  the conductance, T i s  the temperature, v i s  the  e lec t ror .  

c o l l i s i o n  frequency and f i s  the frequency of observat ion.  

I n  most cases L 5 (v'/v" + 4n2 f2) E 1, s ince  v >> lo1* f o r  

s o l i d - s t a t e  conductors. However, f o r  a weakly ionized tenuous gas, v 

may be small enough so t h a t  the e n t i r e  f r a c t i o n  i s  L 5 1. 

2.3.5 Coordinate Systems. A s p h e r i c a l  coordinate system 

appears t o  be a convenient one t o  use f o r  t h e  present  s tudy,  e .g., see 

the  coordinate system used by Wait17 i n  the "Theory of Schumann Resonances 

i n  the Earth-Ionosphere Cavity".  

- 3 .  Propagation of Natura l ly  Occurring Radio Noise Through the  Ionosphere. 

- 3.1 In t roduc t ion .  I n  r ecen t  years t h e r e  have been many genera t ion  

mechanisms pos tu la ted  ( e  .g . , traveling-wave amplif icat ion,  Cerenkov 

r a d i a t i o n ,  and cyc lo t ron  r a d i a t i o n )  and var ious t h e o r i e s  have been 

advanced t o  exp la in  VU? emissions which are a c l a s s  of n a t u r a l  r a d i o  noise  

9 



i n  t he  frequency range 1 - 30 kc / s .  

seems t o  be ab le  t o  exp la in  a l l  the observed aspects  of VLF emissions 

some of them appear t o  be r a t h e r  success fu l  i n  explaining the  "frequency- 

t i m e  c h a r a c t e r i s t i c s "  of c e r t a i n  types of observed VLF emissions.  

most of these theo r i e s ,  based on l i n e a r  analyses ,  appear t o  p r e d i c t  the 

r a d i a t i o n  i n t e n s i t y  of t he  VLF emission t o  be much lower than t h e  values  

a c t u a l l y  observed. Since VLF emission propagating through the ionosphere 

undoubtedly w i l l  i n t e r a c t  with the  ionospheric plasma and a f f e c t  t he  

observed value of r a d i a t i o n  i n t e n s i t y  on the  ground, i t  i s  important t o  

have a good understanding of the d e t a i l e d  c h a r a c t e r i s t i c s  of t h e i r  

propagation. The i n t e r a c t i o n  of the r ad io  noise with the  ionosphere may 

Although no one p a r t i c u l a r  mechanism 

However, 

a l so ,  i n  some cases  have an e f f e c t  on a desired r ad io  s i g n a l  used f o r  

communication purposes. For example the  Luxemburg-type of e f f e c t  may 

become s i g n i f i c a n t  under c e r t a i n  circumstances.  

It  i s ,  t he re fo re ,  des i r ab le  t o  make a systematic d e t a i l e d  s tudy of 

the propagation of n a t u r a l  r ad io  noise i n  the ionosphere.  The s tudy of 

the propagation of a n a t u r a l l y  occurr ing r a d i o  noise through the ionosphere 

is  b a s i c a l l y  t h a t  of the i n t e r a c t i o n  of electromagnetic waves with a plasma 

and can be described i n  terms of a number of "bulk" parameters of t he  

plasma. These parameters i n  t u r n  depend upon the  bas i c  p a r t i c l e  i n t e r -  

a c t i o n s .  The i n t e r a c t i o n  of the plasma e l e c t r o n s  with n e u t r a l  atoms, 

ions , and with one another determines the " c o l l i s i o n  frequency" of the 

p lasma c o n s t i t u e n t s .  The e l e c t r o n  dens i ty ,  c o l l i s i o n  frequency and 

ex te rna l  fo rces  determine the  "conductivity" (and i n  t u r n  the  c u r r e n t  

density) of a plasma. For a s l i g h t l y  ionized plasma, t he  conduct ivi ty  i s  

almost exclusively due t o  the more mobile e l e c t r o n s .  

degrees of i o n i z a t i o n  the  i o n  conduct ivi ty  becomes of importance. 

However, f o r  high 

From a 
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knowledge of t he  t i m e  and s p a t i a l  va r i a t ion  of these q u a n t i t i e s  ( e l ec t ron  

dens i ty ,  c o l l i s i o n  frequency and conduct ivi ty) ,  the  electromagnetic wave 

i n t e r a c t i o n  with a plasma can, a t  l e a s t  i n  p r inc ip l e ,  be deduced. 

It i s  w e l l  known t h a t  t he  behavior of a plasma can be e f f e c t i v e l y  

descr ibed,  from a microscopic viewpoint, by t h e  Boltmann equat ion with 

the  a i d  of t h e  concept of a dens i ty  d i s t r i b u t i o n  func t ion  i n  phase space.  

Since the  electromagnet ic  f i e l d s  a r e  governed by Maxwell's equat ions,  a 

mathemati c a l  de s c r i  p t i  on of t he  i nterac  ti on between electromagnetic 

waves and a plasma cons i s t s  of simultaneous so lu t ion  of Maxwell's equat ions 

and the Boltzmann equat ion .  

Once the  ex is tence  of VLF na tu ra l  rad io  noise propagating along 

the  geomagnetic f i e l d  l i n e s  i n  the  ionosphere i n  the  presence of streams 

of charge p a r t i c l e s  i s  postulated,  the  following n a t u r a l  quest ions can 

be asked: 

1. Under what condi t ions would the  r ad io  noise  be absorbed o r  

amplif ied by the  ionospheric  plasma or  by streams of charged p a r t i c l e s ?  

2 .  What are the  s a t u r a t i o n  poin ts  for t he  absorpt ion and amplif ica-  

t i o n  processes of t he  r ad io  noise ,  i f  there are any? 

These quest ions can be answered, a t  least i n  p r inc ip l e ,  by a 

d e t a i l e d  s tudy of t he  energy exchange between the  r ad io  noise wave and 

the  ionospheric  plasma o r  streams of charged p a r t i c l e s .  However, it 

appears t h a t  t he  f i r s t  of these  questions can k answered r a t h e r  

e f f e c t i v e l y  by s tudying t h e  d i spe r s ion  r e l a t i o n  f o r  the  system. To 

answer the  second ques t ion  requires a study of nonl inear  e f f e c t s  which are 

e s s e n t i a l  t o  s a t u r a t i o n  phenomena, and the techniques developed i n  non- 

l i n e a r  microwave tube i n t e r a c t i o n  theories  are p a r t i c u l a r l y  h e l p f u l .  

Furthermore c o l l i s i o n  e f f e c t s  will undoubtedly play an important r o l e  

when consider ing s a t u r a t i o n  phenomena. 

11 



. 

3.2 Statement of the Problem and Basic Approach. This problem -- -~ 

i s  b a s i c a l l y  concerned with the d e r i v a t i o n  and ana lys i s  of a gene ra l  non- 

l i n e a r  d i spe r s ion  r e l a t i o n s h i p  for the  system under cons ide ra t ion .  The 

proposed s t eps  t o  be taken a r e  ind ica t ed  as follows: 

1. Pos tu la t e  a r e a l i s t i c  working model f o r  t he  system, e .g ., 
consider a system which may c o n s i s t  of a c i r c u l a r l y  polar ized whistler-mode 

electromagnetic wave propagating i n  a r e l a t i v e l y  cold plasma pervaded by 

an e x t e r n a l  magnetic f i e l d  and gyrat ing e l e c t r o n s  i n  a stream which 

penetrates  the cold plasma ( c o l l i s i o n  e f f e c t s  being neg l ig ib l e )  . 
2 .  Derive the nonlinear d i spe r s ion  r e l a t i o n  from Maxwell's equat ion 

and the Boltzmann equat ion with the  a i d  of t he  a u x i l i a r y  p o t e n t i a l  

funct ion.  

3. Determine the  condi t ions from t h e  derived d i spe r s ion  r e l a t i o n  f o r  

the following: 

a .  Amplif icat ion.  (Based on the  concept of s p a t i a l l y  growing 

waves, consider complex wave-number with a real  frequency i n  

the  d i spe r s ion  r e l a t i o n  .) 

b . Plasma i n s t a b i l i t y .  

c . Absorption (Landau damping) . (Consider complex frequency w i t h  

a real wave-number .) 

4 .  Check the  obtained r e s u l t  with the  e x i s t i n g  l i n e a r  theory,  as 

a s p e c i a l  case of our gene ra l  theory,  f o r  the following: 

a .  Traveling-wave ampl i f i ca t ion  process (e .g ., Gallet  and 

H e l l i w e l l 1 8  or Dowdenl') . 
Transverse resonance plasma i n s t a b i l i t y  (e .g ., B e l l  and 

Buneman2') . 
Landau damping of w h i s t l e r s  (e .g ., Scarfz1) . 

b . 

c . 
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I n  the  present  study, the  emphasis i s  placed on the nonlinear 

a n a l y s i s  The app l i ca t ion  of nonlinear microwave tube i n t e r a c t i o n  t h e o r i e s  

s h a l l  be made whenever s u i t a b l e .  The study w i l l  be extended t o  include 

t h e  c o l l i s i o n  e f f e c t s  la ter .  

- 3 . 3  Background Related Material .  

3.3.1 Traveliw-Wave - Amplification Process.  Se l ec t ive  

traveling-wave ampl i f i ca t ion  i n  the outer ionosphere has been pos tu la ted  

by Gallet and H e l l i w e l l l '  t o  exp la in  VLF emission. 

used appears t o  be somewhat a r t i f i c i a l ,  the  above pos tu l a t e  seem t o  be 

r a t h e r  success fu l  i n  general ,  and several  of the phenomena have been a t  

least p a r t i a l l y  explained.  

smal l - s igna l  theory of the TWT (Pierce22) e x i s t s  i n  the  case considered 

by Gallet e t  a l .  only under s p e c i a l  condi t ions.  It i s  w e l l  known that 

i n  the  case of a small-s ignal ,  s ingle-veloci ty  b e a m  theory, the s i g n a l  

ampl i f i ca t ion  can take place when t h e  phase v e l o c i t y  of the  e l e c t r o -  

magnetic wave, v 

v . 
Helliwelll ') t h a t  t h i s  i s  the  condition f o r  "VLF emission s i g n a l  

amplif icat ion".  

e x i s t s  only under the  condi t ion t h a t  the e l e c t r o n  plasma angular frequency 

i s  much smaller than  the wave angular frequency, i .e ., w 

usua l ly  t r u e  i n  TWT's. 

w h i s t l e r  mode propagation ( H e l l i w e l l  and Morgan2*) . 
the  case of both beam and wave t r ave l ing  along the  geomagnetic f i e l d  l i n e .  

However, G a l l e t ' s  TWT pro2ess can be generalized by removing the r e s t r i c -  

t i o n  t h a t  the  e l e c t r o n  t r a v e l s  exac t ly  down the  f i e l d  l i n e s .  I n  general ,  

the  e l e c t r o n  w i l l  s p i r a l  down the f i e l d  l i n e  and the p i t c h  of the s p i r a l  

a t  any p o s i t i o n  along the  f i e l d  l i n e  i s  determined by the  p r i n c i p l e  of 

Although the model 

It has been found t h a t  the analogy with a 

i s  equal  t o  the ve loc i ty  of t h e  l i n e a r  e l e c t r o n  beam, 

It has been suggested i n  the l i t e r a t u r e  (Gallet23, Gallet and 
Ph' 

0 

It should be pointed o u t  t h a t  the  e q u a l i t y  v = v 
Ph 0' 

<< w, which i s  
P 

This condi t ion  i s  not gene ra l ly  s a t i s f i e d  i n  

Gallet considered 



invariance of the magnetic moment. For t he  low-energy p a r t i c l e s  required 

f o r  t h i s  process ( a t  most, a f e w  KeV) the  r a d i i  of gy ra t ion  w i l l  be much 

smaller than the  e x t e n t  of the wavefront. Thus, it i s  the component of 

p a r t i c l e  v e l o c i t y  along the  f i e l d  l i n e  o r  "guiding cen te r  v e l o c i t y "  t h a t  

must be equated t o  the long i tud ina l  component of the wave phase v e l o c i t y .  

The analogy of t h i s  process with the TWT i s  perhaps c l o s e r  than 

envisaged by Gal le t  and H e l l i w e l l .  Since t h e i r  work was published, i t  

has been e s t ab l i shed  by s e v e r a l  people t h a t  f i e ld -a l igned  columns of 

i on iza t ion  can occur i n  the exosphere (e .g., Smith25) and these produce a 

strong waveguide a c t i o n  i n  the very l o w  frequency range. 

A l ong i tud ina l  magnetic f i e l d  i s  o f t e n  introduced i n t o  the 

traveling-wave tube t o  focus the e l e c t r o n  beams, and i t  i s  the guiding 

center v e l o c i t y  of the e l e c t r o n s  t h a t  determines the ampl i f i ca t ion .  A s  

f o r  t h e  laboratory TWT a ( s igna l )  l ong i tud ina l  e l e c t r i c  f i e l d  i s  required 

f o r  i n t e r a c t i o n  with the  stream. A s  w a s  pointed ou t  by Gallet  e t  a l .  

a s u b s t a n t i a l  l ong i tud ina l  component of e l e c t r i c  f i e l d  w i l l  e x i s t  i n  the 

exospheric TWT. It i s  the  phase v e l o c i t y  of t h i s  component t h a t  i s  

important and f o r  s impl i c i ty  i t  i s  usual ly  assumed t h a t  t h i s  i s  ( c /n ) ,  

where n i s  the r e f r a c t i v e  index of the medium f o r  s t r i c t  l ong i tud ina l  

propagation i n  the extraordinary mode below the gyrofrequency ( w h i s t l e r  

modes). 

f i c a t i o n  i s  given by Dowden'' as n@, = 1. It should be pointed out  t h a t v  

t h e  above ampl i f i ca t ion  condi t ions must be re-examined when the e f f e c t  

of nonlinear i n t e r a c t i o n s  i s  considered between a wave and a beam with 

some v e l o c i t y  d i s t r i b u t i o n .  

Thus f o r  guiding-center v e l o c i t y  (@ C ) ,  t he  condi t ion f o r  ampli- d 

It i s  i n t e r e s t i n g  t o  note t h a t  i n  the  TWA i t  i s  the r - f  e l e c t r i c  

f i e l d  t h a t  does the bunching and the e x t r a c t i o n  of energy. However, i n  
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t h e  case  of  cyc lo t ron  resonance, bunching i s  provided by the  r-f magnetic 

f i e l d  and energy e x t r a c t i o n  i s  provided by t h e  r--f e l e c t r i c  f i e l d .  

tube of t h i s  l a t te r  type w i l l  support  ampl i f ica t ion  i n  both the forward 

A 

and backward d i r e c t i o n s .  

3.3.2 Transverse Resonance Plasma I n s t a b i l i t y .  There i s  a 
~ -~ ~- 

type of i n s t a b i l i t y  t h a t  is due t o  t h e  resonance between c i r c u l a r l y  

polar ized  whistler-mode electromagnetic waves propagating i n  a r e l a t i v e l y  

cold plasma, and the  gyra t ing  e l ec t rons  contained i n  a stream which 

penet ra tes  t h i s  cold plasma. This type of i n s t a b i l i t y  has been scggested 

by Brice26 i n  connection with an explanat ion of t r i gge red  VLF emissions 

and t h e  theory has been developed by Bell and Bunemann2O. 

Both i n  l abora to ry  plasmas created i n  a mirror  geometry, and i n  

t h e  e a r t h ' s  exosphere plasma, such a streaming condi t ion  may e x i s t ,  and 

ionospheric  observat ion of wh i s t l e r  growth may be expected. I n  wh i s t l e r -  

mode propagation the  wave frequency is  always less than  the  e l e c t r o n  

gyro-frequency, and f o r  gyro-resonance t o  occur i t  i s  necessary t h a t  t he  

wave and the  stream t r a v e l  i n  opposite d i r e c t i o n s .  Neufeld and Wright", 

consider  t he  process of  gyro-resonance i n  the  wh i s t l e r  mode f o r  the  case 

i n  which t h e  stream has zero i n i t i a l  t ransverse v e l o c i t y ,  and conclude 

t h a t  no i n s t a b i l i t i e s  e x i s t  f o r  t ransverse electromagnet ic  wave propagation 

along t he  f i e l d  l i n e  when the  stream d i r e c t i o n  opposes t h a t  of t h e  wave. 

This conclusion i s  p l aus ib l e  on the  bas i s  of energy cons idera t ions  (i .e ., 
t h e  stream w i l l  f a i l  t o  transfer energy t o  the  wave). (It should be kept  

i n  mind t h a t  t he  s i t u a t i o n  analyzed by Neufeld e t  a1.= would i n e v i t a b l y  

r e s u l t  i n  a long i tud ina l  i n s t a b i l i t y . )  However, f o r  streams with f in i te  

i n i t i a l  t ransverse  ve loc i ty ,  t he  ana lys i s  of Neufeld e t  a l .  must be 

modified, and Bell and Buneman2' have demonstrated t h a t  a spread of 



e lec t ron  stream v e l o c i t y  i n  the t ransverse d i r e c t i o n  l eads  t o  an 

i n s t a b i l i t y  of the stream-plasma system i n  the wh i s t l e r  mode, with the  

transverse e l e c t r o n  gy ra t ion  serving as an energy source.  Bell and 

Buneman show t h a t  a n  estimate of phase mixing or Landau damping through 

longi tudinal  v e l o c i t y  spread i n d i c a t e s  t h a t  t he  phase -mixing e f f e c t  can 

suppress the  e l e c t r o s t a t i c  ( long i tud ina l )  i n s t a b i l i t y  without suppressing 

w h i s t l e r  growth. The bas i c  approach i n  the theory of Bell and Buneman 

involves the  examination of the d i spe r s ion  r e l a t i o n  f o r  a gene ra l  

d i s t r i b u t i o n  funct ion,  using the  f i r s t - o r d e r  Boltzmann-Vlasov equat ions 

f o r  e l e c t r o n s .  

The e f f e c t  of v e l o c i t y  an i so t rop ie s  i n  expospheric f a s t  p a r t i c l e  

f luxes upon the l i n e a r  d i spe r s ion  r e l a t i o n  f o r  wh i s t l e r  modes has been 

invest igated by Millerz8. An i n s t a b i l i t y  i s  found when the t r ansve r se  

ve loc i ty  spread i s  g r e a t e r  than the  long i tud ina l  v e l o c i t y  spread, a 

condition s a t i s f i e d  by mirroring e l e c t r o n  streams. The growth rate i s  

extremely low, however, unless  t he re  are a s u f f i c i e n t  number of p a r t i c l e s  

t r ave l ing  a t  the cyclotron v e l o c i t y  associated with the  wh i s t l e r  

mode wave. If the  wave frequency i s  too  low, the growth rate i s  

negl igibly small; while i f  i t  i s  too  high, t h e  wave i s  found t o  be 

damped. Tygical growth rates are found t o  be small bu t  not n e g l i g i b l e .  

3.3.3 Landau Damping - _  of Whis t l e r s .  The phenomenon of -~ 

Landau thermal damping has usua l ly  been explained as an energy-transfer  

mechanism from the  organized wave motion t o  the  random motion of the 

p a r t i c l e s  which a r e  near ly  i n  phase with the wave. For t h i s  reason, 

s i g n i f i c a n t  damping occurs only when the  thermal v e l o c i t y  of plasma 

p a r t i c l e s  i s  a t  most w i th in  a couple of orders  of magnitude of t he  phase 

ve loc i ty  of the wave. 

primarily t o  long i tud ina l  waves i n  a plasma. 

Thus t h e  study of Landau damping has been confined 

16 



4 

The damping of t ransverse waves i n  a c o l l i s i o n l e s s  plasma i s  

gene ra l ly  assumed t o  be n e g l i g i b l e .  

i s  usua l ly  s e v e r a l  orders of magnitude g rea t e r  than  the  thermal e l e c t r o n  

v e l o c i t i e s .  There exis ts ,  however, a r e l a t i v e l y  simple case f o r  which the 

wave v e l o c i t y  may be redcced below the  speed of l i g h t  by orders  of 

magnitude. This occurs, f o r  a properly chosen r a d i a t i o n  frequency, when 

the  plasma i s  pervaded by an e x t e r n a l  magnetic f i e l d .  

Hartree theory,  which e n t i r e l y  neglects  thermal motion, p r e d i c t s  t h a t  the 

index of r e f r a c t i o n  becomes i n f i n i t e l y  l a r g e  as the r a d i a t i o n  frequency 

This i s  because the wave v e l o c i t y  

The Appleton- 

i s  allowed t o  approach the e l e c t r o n  cyclotron frequency as an upper l i m i t .  

This nonphysical r e s u l t  i s  due t o  the  complete neglect  of random motion 

under condi t ions f o r  which thermal e f f e c t s  a r e  important .  However, a 

more accurate theory may e a s i l y  demonstrate t h a t ,  f o r  r a d i a t i o n  frequencies 

comparable t o  the e l e c t r o n  cyc lo t ron  frequency corresponding t o  an 

e x t e r n a l  magnetic f i e l d ,  the phase v e l o c i t y  of the  wave i s  reduced w e l l  

below the  free-space v e l o c i t y  of l i g h t .  

It i s  a w e l l  known f a c t  t h a t  the ionosphere provides us with an 

ava i l ab le  medium f o r  a d e t a i l e d  study of the Landau absorp t ion  mechanism. 

Although the geomagnetic f i e l d  i s  weak by usual  standards,  it i s  e a s i l y  

of s u f f i c i e n t  magnitude t o  e x h i b i t  a basic r o l e  i n  the absorp t ion  process .  

For the t ransverse wave propagating along a magnetic f i e l d  i n  a 

plasma, two c i r c u l a r l y  polar ized modes e l t i s t  with phase v e l o c i t i e s  less 

than  the  v e l o c i t y  of l i g h t  f o r  a range of frequency w less than the  

e l e c t r o n  cyc lo t ron  frequency %. 

R 

frequency hydromagnetic waves f o r  which w << R . 

T h i s  range includes the  w h i s t l e r  modes. 

< w < %, where R 
P P 

i s  the i o n  cyclotron frequency, down t o  the  very-low- 

Consider a wave of 
P 



frequency w and wave number k and note t h a t  p a r t i c l e s  with the  cyc lo t ron  

frequency RH t r a v e l  with a component of v e l o c i t y  vIl along the d i r e c t i o n  

of wave propagation, such t h a t  

and a r e  thus i n  cyc lo t ron  resonance with the  r o t a t i n g  e -2c t r i c  f i e l d  of 

the wave. This r e s u l t s  i n  an energy ga in  by the  p a r t i c l e  and i s  the  

mechanism of Landau damping f o r  such t ransverse  waves. 

which the  p a r t i c l e s  have a Maxwellian d i s t r i b u t i o n ,  a wave with phase 

ve loc i ty  (u/k) t h a t  l ies  within an  e l e c t r o n  thermal v e l o c i t y  V 

w i l l  be heavi ly  damped, as has been discussed by Scarfz1. 

I(u/k) k (nH/k) I > seve ra l  V 
0' 

very negl ig ib le  number of p a r t i c l e s  w i l l  g a in  energy from the  wave. 

I n  a plasma, i n  

of (RH/k) 0 

However, i f  

t he  wave w i l l  propagate undamped, s ince  a 

Scarf21 inves t iga t ed  the  thermal damping of wh i s t l e r s  using the  

small-amplitude so lu t ions  t o  the  coupled ~~tzmann-Vlasov-Maxwell's equa- 

t i o n .  S c a r f ' s  small-amplitude theory  w a s  re-examined and amplif ied by 

Tidman and Jaggi2' t o  include Landau damping by f a s t - p a r t i c l e  f luxes ,  

but r e t a i n i n g  the  l i n e a r  a n a l y s i s .  

It  should be pointed out  t h a t  the  l i n e a r  theory p red ic t s  t h a t  the  

Landau effect  manifests i t se l f  i n  a cont inua l  absorpt ion of energy from 

the wave, a t  a cons tan t  rate, fo r  an i n d e f i n i t e  per iod of t i m e .  Randa0 

has inves t iga t ed  the  p a r t i c l e  r e l a t i v i s t i c  e f f e c t  i n  Landau damping of 

t ransverse  waves propagating p a r a l l e l  t o  an e x t e r n a l  magnetic f i e l d ,  

through a low-density plasma, and predic ted  a s a t u r a t i o n  i n  the  absorpt ion 

process .  I n  t h i s  s tudy Rand considers  t h e  i n t e r a c t i o n  of an e l e c t r o n  

with the inc iden t  e l e c t r i c  and magnetic f i e l d  by s tudying the  equat ion of 

motion with the  Lorentz force  t e r m ,  bu t  neglect ing t h e  space-charge e f f e c t  
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Gutha.rt31 r ecen t ly  has s tud ied  the cyclotron absorpt ion of wh i s t l e r  

and V U  emissions,  based on a l i n e a r  ana lys i s .  I n  an e f f o r t  t o  r e t a i n  

the  cyc lo t ron  absorpt ion proposal of Scarf21 as the  physical  mechanism 

expla in ing  t h e  high frequency cu tof f  of w i s e  whi s t l e r s ,  the  complex 

r e f r a c t i v e  index f o r  a p a i r  of an iso t ropic  e l e c t r o n  ve loc i ty  d i s t r i b u t i o n s  

i s  eva lua ted .  The t ransverse  v e l o c i t y  d i s t r i b u t i o n  i n  each case i s  

assumed Maxwellian. The f irst  longi tudina l  d i s t r i b u t i o n  of v e l o c i t i e s  

considered i s  Maxwellian t o  seve ra l  mean square v e l o c i t i e s  and i s  

propor t iona l  t o  v - I .  

however, upon inves t iga t ion  the  rate of change of w h i s t l e r  damping with 

frequency i s  found t o  be i n s u f f i c i e n t l y  rap id  t o  agree with t h e  observed 

wh i s t l e r  c u t o f f .  The second v e l o c i t y  d i s t r i b u t i o n  considered is  a double- 

The cyclotron damping term i s  then  evaluated;  

humped Maxwellian; i . e . ,  a thermal e l ec t ron  d i s t r i b u t i o n ,  and a resonant  

e l e c t r o n  stream. This d i s t r i b u t i o n  allows f o r  cyc lo t ron  absorpt ion and, 

a t  the  same t i m e ,  i s  cons i s t en t  with the w h i s t l e r  d i spe r s ion  and 

a t t enua t ion .  

The e f f e c t  of ( c lose  range) c o l l i s i o n s  on Landau damping has been 

inves t iga t ed  by Platzman and B u c h ~ b a u m ~ ~ .  

3.3.4 Some General Discussion on Plasma I n s t a b i l i t i e s .  -- 

Plasma i n s t a b i l i t i e s  and t h e i r  probable r o l e  i n  ionospheric  phenomena 

hme been discussed by Lepechinsky and R ~ l l a n d ~ ~ .  

presented i n  t h i s  paper of t h e  important problem of plasma i n s t a b i l i t i e s  

and of t h e  c r i t e r i a  ava i l ab le  f o r  i n t e rna l  i n s t a b i l i t i e s .  

A b r i e f  survey i s  

The kinematics of growing waves have been discussed by S t u r r ~ c k ~ ~ .  

- 4. GeEeration -- of VLF Emissions i n  t h e  Exosphere by Double-Beam I n s t a b i l i t y  

~ 4.1 In t roduc t ion .  From the  examination of a l a r g e  quant i ty  of 

high r e so lu t ion  spectrograms, it has been deduced t h a t  a major f r a c t i o n  of 



the VLF radio noise (other  than w h i s t l e r s )  i s  exc i t ed  i n  t h e  e a r t h ' s  

outer ionosphere (exosphere) by streams and bunches of high-speed ionized 

p a r t i c l e s  p r e c i p i t a t i n g  i n t o  the  ionized atmosphere i n  t h e  presence of 

the e a r t h ' s  magnetic f i e l d .  The electromagnetic waves exc i t ed  then 

propagate i n  the  manner of whistlers23. 

suggested t h a t  t h e  traveling-wave-tube i n t e r a c t i o n  mechanism, which 

has received considerable a t t e n t i o n  during t h e  p a s t  few years,  i s  p r imar i ly  

responsible f o r  t h i s  noise.  However, it i s  qu i t e  poss ib l e  t h a t  o the r  

exc i t a t ion  mechanisms a r e  a t  play;  f o r  example, t h e  i n s t a b i l i t y  of t he  

beam-plasma system may p lay  an important r o l e .  Under t h e  gene ra l  

designation of a two-stream plasma system a g r e a t  v a r i e t y  of i n s t a b i l i t i e s  

can be found. It i s  we l l  known t h a t  a plasma consis t ing of two o r  more 

in t e rpene t r a t ing  streams of charged p a r t i c l e s  w i l l  be unstable  ( longi-  

t ud ina l  wave w i l l  grow spontaneously) i f  t h e  mean v e l o c i t y  of t h e  p a r t i c l e s  

i n  one stream i s  s u f f i c i e n t l y  g r e a t  r e l a t i v e  t o  t h e  mean v e l o c i t y  of 

p a r t i c l e s  of t h e  other .  

Ga l l e t  and Helliwelll '  have 

The concept of "double-beam i n s t a b i l i t y "  or  "space-charge-wave 

amplification e f f e c t  i n  the  moving i n t e r a c t i n g  charged p a r t i c l e  beam" 

has been used i n  t h e  e l ec t ron  wave tube3', 36, 37 and t o  explain t h e  o r i g i n  

of s o l a r  r ad io  noise  emission3' and t h e  abnormal i n t e n s i t y  of s o l a r  

radio bursts3', 409 41. 

The p r i n c i p l e  motivation f o r  t h e  present  study i s  t o  see i f  t he  

"double-beam i n s t a b i l i t y "  theory, which has been used r a t h e r  success fu l ly  

i n  t h e  so l a r  noise problem, can be extended so as t o  be appl icable  t o  t h e  

ionosphere and t o  see i f  perhaps t h i s  mechanism can be responsible  f o r  

the generation of  VLF emissions i n  the  exosphere. In  the  ionosphere 

the ana lys i s  i s  complicated, i n  general ,  by the  a f f e c t  of c o l l i s i o n s  

among t h e  p a r t i c l e s  and by t h e  presence of the magnetic f i e l d .  



4.2 Statement of t h e  Problem - 
4.2.1 Nature of the  Problem. Suppose t h a t  a t  a c e r t a i n  - --- 

t i m e  an undis turbed exosphere region i s  t raversed  by a homogeneous 

e l ec t ron  beam o r i g i n a t i n g  from t h e  sun ( o r  from t h e  Van Allen b e l t ) .  

The r e s u l t i n g  complex medium may be e l e c t r i c a l l y  n e u t r a l  i f  e i t h e r  t h e  

beam i tself  a l s o  c a r r i e s  p o s i t i v e  ions  or i f  t h e  ionospheric i ons  

r e -e s t ab l i sh  n e u t r a l i t y .  A s  t he  ve loc i ty  d i s t r i b u t i o n  of t h e  e l ec t rons  

i s  s t rongly  dis tor ted i n  ve loc i ty  space, a convective i n s t a b i l i t y  can 

develop; i . e . ,  it has Seen shown t h a t  a beam t r ave r s ing  an i s o t r o p i c  

plasma w i l l  develop convective i n ~ t a b i l i t y ~ ~ .  This means t h a t  i f  a t  a 

c e r t a i n  moment the re  i s  a small  f l uc tua t ion  of  charge dens i ty  i n  t h e  

medium,dw f o r  ins tance  t o  a s l i g h t  loca l  inhomogeneity of  t h e  beam, 

t h i s  f l u c t u a t i o n  w i l l  grow i n d e f i n i t e l y  while propagating along t h e  

beam. Actual ly  i t s  growth w i l l  be  l imited by nonl inear  e f f e c t s ,  damping 

and f i n a l l y  by t h e  d is rupt ion  of t h e  beam42. From t h e  phenomenological 

po in t  of  view t h e  i n s t a b i l i t y  w i l l  appear a s  a succession of very r ap id  

v a r i a t i o n s  i n  space and time of t h e  parameters of t h e  medium such a s  

e l ec t ron  density,  and current  and f i e l d s .  These v a r i a t i o n s  grow 

i n d e f i n i t e l y  while propagating. The onset of nonlinear e f f e c t s  w i l l  

then change t h e  na tu re  of t h e  disturbance which, i n s t ead  of remaining 

purely e l e c t r o s t a t i c  ( long i tud ina l )  i n  nature, w i l l  acquire  r a d i a t i o n  

p r o p e r t i e s  and genera te  an enhanced electromagnetic noise .  The noise  

thus  generated w i l l  eventua l ly  reach the ea r th ,  e i t h e r  d i r e c t l y  a t  

f requencies  above t h e  maximum plasma frequency of t h e  underlying ionosphere 

o r  i n d i r e c t l y ,  by t h e  wh i s t l e r  mode a t  frequencies  below t h e  gyro- 

frequency, along t h e  magnetic l i n e s  of force.  However, it must be noted 

t h a t  t h e  noise  spectrum should correspond t o  t h e  i n s t a b i l i t y  band of t h e  
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i n t e rac t ing  beam-plasma, which i s  t o  be obtained from the  dispers ion 

r e l a t ion .  

Thus the  following two-step process i s  pos tu l a t ed  a s  t h e  

generation mechanism f o r  VLF emissions: 

1. Space-charge-wave amplif icat ion process.  (Double-beam i n s t a -  

b i l i t y .  ) 

2. Conversion of t h e  long i tud ina l  space-charge-wave energy i n t o  

the t r ansve r se  electromagnetic wave energy. 

It should be pointed out  t h a t  i n  order t o  have a good understand- 

ing of t h e  above processes,  t he  nonlinear ana lys i s  i s  required.  

4.2.2 Formulation of t he  Problem. The proposed s t e p s  -- - 

f o r  t h e  present  study a r e  l i s t e d  as follows: 

1. Study of space-charge-wave amplif icat ion process.  (Double-beam 

i n s t a b i l i t y  . ) 
a .  Derivation of t he  dispers ion r e l a t i o n  from t h e  Boltzmann 

equation and Maxwell ' s equati ons f o r  t h e  space-charge wave 

i n  a moving e l ec t ron  beam i n j e c t e d  i n t o  t h e  exospheric 

p l a  sma . 
i. Consider t he  beam with a continuous v e l o c i t y  d i s t r i b u t i o n ,  

and the  magnetic f i e l d  e f f e c t  i s  t o  be included although 

t h e  c o l l i s i o n  e f f e c t  i s  neg l ig ib l e  i n  t h e  exosphere. 

ii. Linearized a s  we l l  a s  nonlinear d i spe r s ion  equations 

a r e  t o  be considered. 

b. Determination of t he  i n s t a b i l i t y  band of t he  i n t e r a c t i n g  

beam-plasma system. Solve t h e  d i spe r s ion  equation 

numerically and f i n d  t h e  condition under which w (angular 

frequency of space-charge wave) w i l l  be complex such t h a t  
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the  time-varying f a c t o r  of the wave (eJut) w i l l  grow 

exponentially.  

c. Inves t iga t ion  of the propagation c h a r a c t e r i s t i c s  of steady- 

s t a t e  space-charge waves. Inves t iga t e  the  r e l a t i o n s h i p  between 

t h e  period, amplitude and the phase v e l o c i t y  of the  space- 

charge wave. 

2. Study of conversion process from t h e  long i tud ina l  space-charge- 

wave energy i n t o  t ransverse electromagnetic wave energy. Two poss ib l e  

mechanisms a r e  t o  be considered. 

a. Mechanism s i m i l a r  t o  microwave e l e c t r o n  tube interaction3’7 43. 

Q u a n t i t a t i v e  inves t iga t ion  of energy t r a n s f e r  by a nonlinear 

ana lys i s  i s  t o  be made. 

Sca t t e r ing  on inhomogeneities i n  e l ec t ron  densi ty  (Rayleigh 

scat ter ing44)  s imi l a r  t o  tha t  i n  the  genera t ion  of s o l a r  

r ad io  b u r s t s  of s p e c t r a l  Type 111. 

b. 

3. Determination of a probable spec t ra l  d i s t r i b u t i o n  of t h e  VLZ 

emission. 

4.3 Background - and Related Materials.  

4.3.1 Multi-Beam In te rac t ion  and Space-Charge-Wave 

Amplification Effec t .  

from space-charge i n t e r a c t i o n  between streams of charged p a r t i c l e s  

has been reviewed and appl ied by Haeff37,38 t o  t h e  so lu t ion  of t h e  s o l a r  

The theory of  generation of r ad io  energy r e s u l t i n g  

r ad io  noise  problem. The space-charge-wave i n t e r a c t i o n  i n  streams of 

charged p a r t i c l e s  r e s u l t s ,  under cer ta in  conditions,  i n  imparting t o  t h e  

space occupied by t h e  streams the c h a r a c t e r i s t i c  of  a medium having 

negative a t t enua t ion .  This means t h a t  under such condi t ions an i n i t i a l  

f l u c t u a t i o n  which may e x i s t  i n  a stream (such a s  caused by a s t a t i s t i c a l  
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f luc tua t ion )  w i l l  be amplified i n  an exponent ia l  manner a s  t he  d i s t u r b -  

ance propagates along t h e  stream. The amplif icat ion process  continues 

u n t i l  t he  ava i l ab le  energy i s  exhausted. This energy i s  derived from t h e  

k ine t i c  energy of t h e  p a r t i c l e s  i n  t h e  stream so t h a t  t he  energy spectrum 

of t he  composite e l ec t ron  cloud w i l l  be s u b s t a n t i a l l y  modified a f t e r  

a prolonged coexistence of streams of d i f f e r e n t  energy. The k i n e t i c  

energy i s  thus  p a r t i a l l y  t r a n s f e r r e d  i n t o  t h e  energy of t h e  e l ec t ro -  

magnetic f i e l d s  a s soc ia t ed  with the  space-charge waves and can be  

observed as r ad ia t ion  emanating from t h e  streams of charged p a r t i c l e s .  

Using a l i n e a r ,  one-dimensional, s ing le -ve loc i ty  beam theory Haeff 

derived the  dispers ion r e l a t i o n ,  from which he obtained information on 

the i n s t a b i l i t y .  The i n s t a b i l i t y  of  t h i s  s o r t  i s  a l s o  known a s  a "double- 

beam i n s t a b i l i t y " .  

Because of a r a the r  good agreement between the  t h e o r e t i c a l  r e s u l t s  

and the  observed data  f o r  t he  s p e c t r a l  d i s t r i b u t i o n  of t he  so l a r  

radiat ion,  it was bel ieved t h a t  a more d e t a i l e d  ana lys i s  of t he  abnormal 

solar r ad ia t ion  on t h e  b a s i s  of Haeff ' s  theory would be  p r o f i t a b l e .  

Fe ins t e in  and Sen3' re-examined and extended t h e  idea of two-beam 

in t e rac t ion  by Haeff and have discussed the  modification introduced by 

appropriate models of thermal motion. They showed t h a t  t he  p o s s i b i l i t y  

of growth of space-charge waves e x i s t s  even i f  t h e  beam v e l o c i t y  i s  l e s s  

than t h e  thermal ve loc i ty .  The mechanism available f o r  t h e  conversion of 

these longitudinal-type o s c i l l a t i o n s  i n t o  r a d i a t i o n  f i e l d s  a r e  a l s o  

invest igated and suggest t h a t  an e l e c t r o n  tube model i s  appl icable  

provided t h a t  t h e  r a t e  of growth of l ong i tud ina l  o s c i l l a t i o n  i s  such as 

t o  cause considerable departure  from uniformity i n  amplitude of 

o s c i l l a t i o n .  They f u r t h e r  pointed out t h a t  a q u a n t i t a t i v e  inves t iga t ion  
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of energy t r a n s f e r  under these  conditions r equ i r e s  a nonl inear  theory.  

Their ana lys i s  i s  based on a l i n e a r  theory and t h e  examination of a 

l i n e a r  d i spers ion  r e l a t i o n  i n  t h e  absence of s t a t i c  magnetic f i e l d s  and 

t h e  neglec t  of t h e  p o s i t i v e  ion  motion. 

Sen40 undertook t h e  study of a nonlinear theory  of space-charge 

waves i n  moving, i n t e r a c t i n g  e l ec t ron  beams, and appl ied  t h e  theory t o  

t h e  so lu t ion  of t h e  s o l a r  r ad io  noise  problem. H e  considered the  complete 

equat ions of  i n t e r a c t i o n  (equat ion of motion, cont inui ty  equation and 

Poisson’s  equat ion)  without t h e  l i n e a r  approximation, of two moving 

s ingle-ve loc i ty  e l ec t ron  beams of given d e n s i t i e s  (with a s u f f i c i e n t  

number of ions t o  make t h e  charges macroscopically neu t r a l ) ,  and showed 

t h a t  t h e  propagation of s teady-s ta te  space-charge waves i s  poss ib l e  i n  

such a medium. 

i n t e n s i t y  of t h e  second-harmonic component i n  s o l a r  r ad io  b u r s t s  

discovered by Wild e t  a14’. 

theory of e lectromagnet ic  r ad ia t ion  from an o s c i l l a t i n g  plasma, g ives  

a r ad io  flux of t h e  order  of  magnitude of t h a t  observed. 

The theory  is  then appl ied t o  es t imate  t h e  r e l a t i v e  

A t h e o r e t i c a l  ana lys i s ,  based on t h e  antenna 

The phys ica l  mechanism of  t h e  two-stream i n s t a b i l i t y  f o r  generat ion 

of Type I11 s o l a r  r ad io  bursts has  been discussed by Ma1ville4l.  I n  

t h e  a n a l y s i s  of  microwave e l ec t ron  tubes, it i s  w e l l  known t h a t  t h e  

space-charge-wave type of  ana lys i s ,  while s t ra ight-forward and very 

use fu l ,  by i t se l f  is  l imi ted  i n  i t s  a b i l i t y  t o  t i e  all of  t h e  poss ib l e  

i n t e r a c t i o n s  toge ther .  Two important p r inc ip l e s  have emerged which have 

been very  successfu l  i n  poin t ing  out  the r e l a t i o n  between t h e  var ious  

types of  i n t e rac t ion .  

expresses  t h e  power flow along an e lec t ron  beam assoc ia ted  with t h e  

s igna ls ,  and t h e  coupling of modes of  propagation48,49~5”. 

These a r e  the  k ine t i c  power the ore^^^^,^^, which 

It has been 
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shown46 t h a t  the r-f power c a r r i e d  by the beam may be separated i n t o  

two pa r t s - - a  k i n e t i c  power corresponding t o  the a-c v e l o c i t y  and an 

electromagnetic power derived from the Poynting vec to r  E x H .  I t  i s  of 

i n t e r e s t  t o  note t h a t  i t  i s  poss ib l e  f o r  the k i n e t i c  power flow t o  be 

negative (power flow i n  a d i r e c t i o n  opposite t o  t h a t  of the e l e c t r o n  

motion) , whereas the t o t a l  power flow must always be p o s i t i v e .  

A A  

For the  

a-c k i n e t i c  power flow t o  be negative the dis turbance must  be such 

tha t  t h e  pe r tu rba t ion  i n  v e l o c i t y  i s  negative,  when the pe r tu rba t ion  i n  

the number of p a r t i c l e s  passing a plane i s  pos i t i ve ,  s i g n i f y i n g  t h a t  

more p a r t i c l e s  of reduced v e l o c i t y  pass the plane than do p a r t i c l e s  of 

increased v e l o c i t y .  The time average energy passing the plane i s  then 

decreased. Using t h i s  argument, i t  can be shown e a s i l y  t h a t  the k i n e t i c  

power flow associated with the f a s t  space-charge wave i s  p o s i t i v e ,  but  

t ha t  the k i n e t i c  power flow associated with the slow space-charge wave 

i s  negat ive.  

important, s ince t h i s  means t h a t  it i s  possible  t o  remove energy from the 

e l ec t ron  beam by increasing the  amplitude of t h i s  mode of propagation. 

The negative energy of the slow space-charge wave i s  very 

I n  the double-beam i n t e r a c t i o n  it i s  the coupling between the 

f a s t  space-charge wave of a slow e l e c t r o n  beam and the  slow space-charge 

wave of f a s t  e l e c t r o n  beam which gives r ise  t o  an exponent ia l ly  growing 

wave. Thus energy can be t r ans fe r r ed  from the f a s t  e l e c t r o n  beam t o  the 

s lower  e l e c t r o n  beam4’y4’. 

- 4.3.2 -~ Beam-Plasma I n s t a b i l i t y .  Under the  gene ra l  designat ion 

of a two-stream plasma system a g r e a t  v a r i e t y  of i n s t a b i l i t i e s  i s  found 

These occur i n  non-Maxwellian plasmas5’, i n  plasmas with doubly humped 

dis t r ibut ions5*,  or i n  d i s t r i b u t i o n s  with r e l a t i v e  d r i f t 5 3 .  

can a l s o  arise because of inhomogeneities i n  the plasma54 o r  i n  the  

magnetic f i e l d 5 5 .  

I n s t a b i l i t i e s  
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I n s t a b i l i t i e s  i n  plasmas with an in j ec t ed  e l e c t r o n  beam are 

rece iv ing  increas ing  a t t e n t i o n .  Analysis of a one-dimensional cold- 

plasma system i n  the absence of a magnetic f i e l d  has been given by 

N e ~ f e l d ’ ~ ? ’ ~ .  Exc i t a t ion  of a plasma by a beam of f i n i t e  cross  s e c t i o n  

has  a l s o  been s tudied  by Sturrock5’ and used as a n  amplifying mechanism 

f o r  microwaves59~60. 

g r e a t  t h e o r e t i c a l  d e t a i l  are also available61’62. 

of t he  i n s t a b i l i t i e s  i n  an i o n  beam crossing a magnetic f i e l d  as OCCUTS 

i n  t he  Oak Ridge experiments by Burt and Harris63. 

plasma-beam system immersed i n  a magnetic f i e l d  has  been s tudied  by 

Neufeld and Wright64. 

Other analyses  of beam-plasma i n t e r a c t i o n s  with 

A s tudy has been made 

I n s t a b i l i t i e s  i n  a 

A theory of the  two-stream i o n  wave i n s t a b i l i t y  i n  a plasma has 

been developed by Farley“’ tak ing  i n t o  account both the  e f f e c t  of c o l l i s i o n  

of ions  and e l e c t r o n s  with n e u t r a l  p a r t i c l e s  and the  presence of a uniform 

magnetic f i e l d .  

t h a t  i r r e g u l a r i t i e s  of i on iza t ion  densi ty  should arise spontaneously i n  

regions i n  which a s u f f i c i e n t l y  s t rong  cur ren t  i s  flowing normal t o  the  

magnetic f i e l d  l i n e s .  

He appl ied t h e  r e s u l t  t o  the  inne r  ionosphere and found 

An ana lys i s  has been made by Neufeld66 on an i n s t a b i l i t y  i n  a 

plasma-beam system i n  which an  e l e c t r o n  beam al igned along t h e  d i r e c t i o n  

p a r a l l e l  t o  t h a t  of t h e  impressed magnetic f i e l d  e x c i t e s  t ransverse  

waves moving with the  beam. 

by t h e  beam Ls 

obta ins  a long i tud ina l  as w e l l  as a t ransverse i n s t a b i l i t y .  Expressions 

a r e  derived f o r  f requencies  and rates of growth of the  t ransverse  waves 

exc i t ed  by the  beam, from the  l i n e a r  d i spers ion  r e l a t i o n ,  with a uniform 

cold plasma under t h e  assumption t h a t  t h e  beam as w e l l  as t h e  exc i t ed  wave 

i s  

When the  beam as w e l l  as t h e  exc i ted  wave 

al igned along the  d i r ec t ion  of t h e  magnetic f i e l d ,  one 

al igned along the  d i r e c t i o n  of t h e  magnetic f i e l d .  
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4.3.3 Conversion of Longitudinal Space-mirr-B~ 

-- i n to  a Transverse Electromagnetic Radiat ion.  

4.3.3a Microwave Electron Tube Mechanism. The ____ -___ 

e s s e n t i a l  f e a t u r e s  underlying the  conversion of l ong i tud ina l  wave 

energy of bunched charges i n t o  t ransverse electzomagnetic form i n 

e l ec t ron  tubes and multi-stream plasmas have been examined by F e i n ~ t e i n ~ ~ .  

Criteria f o r  these var ious modes of conversion a r e  expressed i n  terms of 

coincidence i n  the space and/or t i m e  pa t t e rns  of t he  two types of waves. 

The c a v i t y  exc i t ed  by the bunched beam i s  designed t o  produce a 

large e l e c t r i c  f i e l d  a t  t he  frequency of t he  space-charge wave i n  the  

region t raversed by the beam f o r  a r e l a t i v e l y  low energy s t o r a g e .  ‘The 

wavelength of the two o s c i l l a t i o n s  w i l l  general ly  be qu i t e  d i f f e r e n t  

under these condi t ions,  although t h i s  does not a f f e c t  the energy t r a n s f e r  

because the i n t e r a c t i o n  i s  confined t o  a region which i s  small compared 

t o  e i t h e r  wavelength. It i s  t h i s  independence of t he  wavelengths of the 

two modes which makes it possible  f o r  each t o  s a t i s f y  i t s  own d i spe r s ion  

r e l a t i o n .  When the region of i n t e r a c t i o n  extends over many wavelengths, 

on the  o the r  hand, a match i s  required both i n  frequency and i n  wavelength 

i n  order for a n e t  interchange of energy t o  occur .  

matching t o  be i n  agreement with the  d i spe r s ion  r e l a t i o n  f o r  the two 

modes i s  a very s p e c i a l  condi t ion and so  there  w i l l  normally be no 

For such a double 

e x c i t a t i o n  of t h e  t ransverse mode. An exception arises i f  a region 

e x i s t s  i n  which the wave c h a r a c t e r i s t i c  v a r i e s  considerably wi th in  a 

wavelength or a per iod.  Physical ly ,  the e l e c t r o n  tube i n t e r a c t i o n  

model, o r  i t s  temporal equivalent  , then becomes appl icable  s ince the 

rapidly varying condi t ion permits a n e t  energy de l ive ry  with only one 

of t he  parameters of t he  two modes matched. Such a s i t u a t i o n  can a r i s e  
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i f  s t e e p  g rad ien t s  are present  i n  t h e  medium c h a r a c t e r i s t i c s ,  as might 

occur near  t he  edge of prominence eruption, or i f  t h e  rate of growth of 

t h e  long i tud ina l  o s c i l l a t i o n  i s  such as t o  cause a considerable  departure  

from uniformity i n  the  amplitude of these o s c i l l a t i o n s  wi th in  a wavelength 

o r  per iod .  Since t h e  usua l  ca lcu la ted  growths are very l a rge ,  t h i s  last 

state of affairs may w e l l  provide t h e  answer3s. 

4.3.3b Sca t t e r ing  Process.  I n  connection with 

sporadic  s o l a r  r ad io  emission mechanisms, Ginzburg and Z h e l e ~ n y a k o v ~ ~  have 

discussed t h e  t ransformation of plasma waves i n t o  electromagnetic emissions 

i n  an  i s o t r o p i c  plasma ( i n  the  absence of magnetic f i e l d )  . I n  a homoge- 

neous plasma t h i s  t ransformation occurs only through t h e  s c a t t e r i n g  of 

l ong i tud ina l  waves by f luc tua t ions  of the d i e l e c t r i c  constant ,  6~ 

where n i s  t h e  r e f r a c t i v e  index.  I n  an inhomogeneous plasma the  e f f i c i ency  

of t h e  t ransformation i s  increased due t o  i n t e r a c t i o n s  between plasma and 

6n“, 

e lectromagnet ic  waves whenever the  approximation of geometric op t i c s  

does no t  apply, i n  add i t ion  t o  s c a t t e r i n g .  

I n  plasma va r i a t ions  of e lec t ron  concent ra t ion  which induce t h e  

f luc tua t ion ,  BE can be represented by 6N = 6” + 6N”,  where the  f i rs t  

t e r m  i s  assoc ia ted  with quas i -neut ra l  plasma dens i ty  f luc tua t ions ,  

6% 2 M6N+, and t h e  second t e r m  takes  i n t o  account t h e  e l e c t r o n  dens i ty  

v a r i a t i o n  t h a t  accompanies the e l e c t r i c  charge f l u c t u a t i o n  6p 

[Here, N+ and M are the  concent ra t ion  and mass of ions  (taken as protons) .] 

I n  view of t h e  inequa l i ty  M >> m, 6% and 6pe can be regarded as 

s t a t i s t i c a l l y  independent, thus permitt ing separa te  cons idera t ion  of 

s c a t t e r i n g  by dens i ty  f luc tua t ions  and charge f l u c t u a t i o n s .  

6 N ’  = 6N+ and 6N”  = 6N - 6N+, where 6N+ i s  the  v a r i a t i o n  of pos i t i ve  

p a r t i c l e  concent ra t ion  .) 

= e6N”. e 

(Thus, 

Since the va r i a t ion  of plasma dens i ty  occurs 



quite slowly, s c a t t e r i n g  by 8pM i s  not accompanied by an appreciable  

change of wave frequency (Rayleigh s c a t t e r i n g )  , 

The time average totla1 energy flux of electromagnetic r a d i a t i o n  

sca t t e red  i n  volume AV i s  given by 

where E i s  the e l e c t r i c  amplitude of the t ransmit ted wave, n(u) i s  the 

r e f r ac t ive  index of t he  s c a t t e r e d  electromagnetic wave n2 = [l - ( u ; / ~ u ~ ) ] ~  

and the  bar  over ( 8 ~ ) ~  denotes averaging over the volume element (AV), 

which has small dimensions compared with the wavelength h. 

0 

I n  deducing Eq. 4 .1 ,  i t  i s  usual ly  assumed t h a t  s c a t t e r e d  

electromagnetic r a d i a t i o n  arises as an electromagnetic wave propagating 

i n  t h e  medium. However, i t  i s  e a s i l y  seen t h a t  the e n t i r e  argument can 

be appl ied t o  the case i n  which electromagnetic emission r e s u l t s  from 

s c a t t e r i n g  of t he  long i tud ina l  wave i n  the plasma. 

4.3.4 Miscellaneous. 

- 4.3 .ha  -- Plasma - I n s t a b i l i t y  and Ionospheric Phenomena. 

Lepechinsky and R 0 1 l a n d ~ ~  have discussed plasma i n s t a b i l i t i e s  and t h e i r  

probable r o l e  i n  ionospheric phenomena They pointed out  how the  var ious 

i n s t a b i l i t i e s  may develop and become apparent i n  the  ionosphere due t o  

anisotropies  of var ious kinds such as streams of  charged p a r t i c l e s ,  

e l e c t r i c  f i e l d s  and e l e c t r o n  dens i ty  d i s c o n t i n u i t i e s .  Such i n s t a b i l i t i e s  

may arise spontaneously, for instance,  when a plasma cloud d r iven  by the  

solar wind i n t e r a c t s  with the ionosphere, a d i s t o r t i o n  of  the v e l o c i t y  

d i s t r i b u t i o n  func t ion  of t he  charged p a r t i c l e s  occurs , even tua l ly  c r e a t i n g  

a second maximum of t h i s  func t ion  and it i s  the  r e l a x a t i o n  of t h i s  

anisotropy toward equi l ibr ium which i s  responsible  f o r  the o s c i l l a t i o n s  



and r a d i a t i o n .  This e f f e c t  may, i n  c e r t a i n  circumstances, be a c t u a l l y  

de tec ted  and recorded. 

I n  t h i s  r epor t  the  authors described the  var ious aspec ts  of 

i n s t a b i l i t i e s  i n  plasmas and ind ica ted  a poss ib le  c l a s s i f i c a t i o n .  They 

a l s o  presented a brief review of the  theory of i n t e r n a l  i n s t a b i l i t i e s  

and ind ica t ed  t h e  corresponding cri teria.  

impl ica t ion  of t h e  var ious  i n s t a b i l i t i e s  e .g . noise generat ion,  

i o n i z a t i o n  i r r e g u l a r i t i e s  and t h e i r  apparent movement, e t c  . 

F i n a l l y  they  showed t h e  n a t u r a l  

4 -3 .bb Mechanism of I n j e c t i o n  of Solar  Plasma i n t o  

Magnetosphere. 

of solar plasma i n t o  the  magnetosphere. It i s  shown t h a t  t he  i n t e r f a c e  

between the  geomagnetic f i e l d  and the  s o l a r  plasma stream i s  sub jec t  t o  

Bar the l  and S o ~ l e ~ ~  have discussed a mechanism of i n j e c t i o n  

i n s t a b i l i t i e s  of t h e  Rayleigh-Taylor type when a s o l a r  plasma burst  of 

s u f f i c i e n t  i n t e n s i t y  and suddenness reaches the  magnetosphere following 

a s o l a r  flare. It i s  a l s o  shown t h a t  clouds of t h i s  plasma can penet ra te  

i n t o  t h e  geomagnetic f i e l d  t o  p r h a p s  three  e a r t h  r a d i i  and breakup, 

leav ing  charged p a r t i c l e s  i n  geomagnetic o r b i t s  with the  energ ies  which 

are comparable t o  t h e i r  d i r ec t ed  ki net ic  energ ies  before pene t r a t ion .  

4 . 3 . 4 ~  Magneto-Ionic Theory and VLF Emission. Unz67 

has  appl ied t h e  magneto-ionic theory for  d r i f t i n g  plasma t o  t h e  theory 

of t he  o r i g i n  of very  low-frequency emissions.  The frequency a t  which 

the re  will be in t e rac t ion ,  and possible  ampl i f ica t ion ,  between two 

d i f f e r e n t  streams of e l e c t r o n s  i s  found. It i s  shown t h a t  phys ica l  

phenomena are explained by i n t e r a c t i o n  between seve ra l  streams of 

e l e c t r o n s  of d i f f e r e n t  plasma frequency and d i f f e r e n t  v e l o c i t i e s .  

ana lys i s  i s  based on small-s ignal ,  s ing le-ve loc i ty  beam theory,  keeping 

i n t a c t  t he  bas i c  pos tu l a t e  about t h e  traveling-wave ampl i f ica t ion  i n  the  

ou te r  ionosphere.  

The 



5 .  Generation of Natural Radio Emission by Plasma-Oscillation - - ~ - ~  

5.1 In t roduc t ion .  I n  r ecen t  years a g r e a t  d e a l  of a t t e n t i o n  

has been given t o  the  study of t h e  phenomena of the so lax  sporadic r a d i o  

emission (solar r ad io  b u r s t s ) .  

radio waves and of t h e i r  subsequent propagation through the s o l a r  

atmosphere t o  the  e a r t h  are not a t  a l l  c l e a r ,  bu t  nonlinear and p a r t i c l e -  

wave i n t e r a c t i o n  phenomena a r e  c e r t a i n l y  involved. 

The d e t a i l s  of t he  generat ion of these 

A survey of l i t e r a t u r e  on the sub jec t  of generat ion of these r a d i o  

waves seems t o  ind ica t e  t h a t  the majori ty  of r a d i o  b u r s t s  appear t o  be 

explainable by a plasma o s c i l l a t i o n  which can be induced by var ious 

sources, e .g ., corpuscular streams, shock wave and magnetohydrodynamic 

waves, e t c .  

bu r s t s  from the  sun shows t h a t  they d r i f t  downward i n  frequency with 

time. It i s  commonly accepted t h a t  t h i s  d r i f t i n g  r e s u l t s  from an agency 

which moves ou t  through the s o l a r  atmosphere, e x c i t i n g  the  l o c a l  plasma 

frequency as i t  

The observation of Type I1 and Type I11 meter-wavelength 

The d r i f t  rate of Type I11 b u r s t s  corresponds t o  an outward 

The v e l o c i t y  of 1/4 t o  1/2 c ,  where c i s  the  v e l o c i t y  of light6’. 

primary agency with t h i s  v e l o c i t y  must su re ly  be a stream of charged 

p a r t i c l e s .  

radio waves. F i r s t ,  t he  p a r t i c l e s  e x c i t e  l ong i tud ina l  plasma waves by 

Cerenkov r ad ia t ion ,  and second, t he  plasma waves are p a r t i a l l y  converted 

i n t o  t ransverse waves, which can propagate f r e e l y  t o  t h e  e a r t h ,  by 

scattel-ing on inhomogeneities i n  e l e c t r o n  d e n s i t y .  

A two-step process41,44~70-73 i s  regarded as generat ing the 

The d r i f t  r a t e  of Type I1 burs t s  corresponds t o  an outward 

ve loc i ty  of 1000 t o  1500 k m / ~ ~ ~ ~ ~ ~ .  

agency with t h i s  v e l o c i t y  i s  a shock wave. 

It i s  thought t h a t  t he  primary 

Because the  theory of shock 
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waves and t h e i r  i n t e r a c t i o n  with the  plasma are very involved and incom- 

p l e t e ,  the  theory  of Type I1 burs t s  i s  less w e l l  developed than t h a t  f o r  

Type 111. 

A n a t u r a l  quest ion arises as t o  whether o r  no t  it w i l l  be poss ib le  

t o  consider t h a t  t h e  slower streams of charged p a r t i c l e s  are the  primary 

agency, r a t h e r  t han  the  shock wave, f o r  t h e  Type I1 bursts. 

It is, the re fo re ,  t h e  purpose of t h e  present  s tudy t o  inves t iga t e  

t h i s  very  p o s s i b i l i t y ,  i .e., t o  f i n d  a mechanism of generat ion f o r  t he  

Type I1 burs t s ,  by a stream of slow charged p a r t i c l e s ,  which w i l l  enable 

us t o  exp la in  most of t he  outs tanding c h a r a c t e r i s t i c s  observed. 

5.2 Statement -- of t h e  Problem. The solar r ad io  bursts of s p e c t r a l  

Type I1 are charac te r ized  by a narrow band of i n t ense  r a d i a t i o n  t h a t  

d r i f t s  toward low f requencies .  The magnitude of t he  d r i f t  rate i s  a 

func t ion  of frequency and a t  100 mc/s is about -0.3 mc/s per second. 

The bursts have a t o t a l  du ra t ion  of the order  of 10 minutes and genera l ly  

comprise emissions a t  a fundamental frequency and a second harmonic. 

The des i r ed  mechanism, adequately postulated,  must be able t o  

exp la in  a t  l e a s t  t he  fol lowing outstanding features of t he  Type I1 

b u r s t s  commonly o b ~ e r v e d ~ ~ , ~ ~ .  

1. Harmonic s t ruc tu re .  The bursts usua l ly  appear i n  fundamental 

and second harmonic bands. The i n t e n s i t i e s  of t h e  f irst  two harmonics 

are o f t e n  s i m i l a r  bu t  t he  t h i r d  harmonic i s  considerably less in t ense .  

However, t h e r e  are cases i n  which one of t h e  harmonics i s  s i g n i f i c a n t l y  

more i n t e n s e .  

somewhat less than  two. 

The r a t i o  of t he  peak frequency i n  t h e  two bands i s  usua l ly  

2. Spl i tKng s t r u c t u r e  (Eland s p l i t k i d .  Both fundamental and second 

harmonic bands are s p l i t  i n t o  two bands each, with sepa ra t ion  of t h e  order  
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of 10 mc/s. 

and var ious attempts t o  exp la in  the  s p l i t t i n g  have been made gene ra l ly  

based on the pos i t i on  of zeros and s i n g u l a r i t i e s  of the magneto-ionic 

dispersion equat ion.  

This s p l i t t i n g  has been thought t o  be due t o  a magnetic f i e l d  

3. I n t e n s i t y  and p o l a r i z a t i o n .  I n t e n s i t i e s  i n  excess of 10-l~ 
- w m-2 (c/s)-” are not uncommon. 

Type I1 b u r s t s  i s  very incomplete. However, t he re  are s u f f i c i e n t  

measurements ava i l ab le  t o  show t h a t  these b u r s t s  are usua l ly  not  s t rong ly  

polarized even f o r  t he  spl i t -band type of b u r s t .  

Evidence on the  p o l a r i z a t i o n  of 

A s  a possible  mechanism of generat ion the following two-step 

process i s  postulated:  

S t ep  I: Plasma o s c i l l a t i o n s  are induced by a stream of slow moving 

p a r t i c l e s .  

Step 11: Conversion of a long i tud ina l  plasma wave i n t o  t ransverse 

electromagnetic r a d i a t i o n .  

Although the re  a r e  a v a r i e t y  of ways i n  which plasma o s c i l l a t i o n s  

may be exc i t ed ,  amplified and then converted i n t o  electromagnetic r a d i a t i o n  

and leave the s o l a r  atmosphere? t h e  following p o s s i b i l i t i e s  s h a l l  be 

investigated: 

For S tep  I: 

For S tep  11: 

Plasma wave amplif icat ion:  

Double-stream i n s t a b i l i t y  (space -charge -wave amplif i  - 
c a t i o n ) .  

I n s t a b i l i t y  i n  the beam-plasma system immersed i n  
magnetostatic f i e l d .  

Conversion process : 

S c a t t e r i n g  process similar t o  t h a t  used f o r  t he  
explanat ion of generat ion of s o l a r  r a d i o  bursts of 
Type 111. 

Microwave e l e c t r o n  tube model. 



Coupling between a longi tudina l  wave and a t ransverse  
wave. 

The fol lowing s t eps  are t o  be taken: 

1. Derivat ion of the  d i spe r s ion  r e l a t i o n  f o r  a properly assumed 

model of t h e  plasma system wi.th the a i d  of t he  Boltzmann equat ion.  

2 .  Determination of t h e  frequency band of i n s t a b i l i t y  (ampl i f i -  

c a t i o n  band) from the  d ispers ion  r e l a t i o n  and compari.son with t h e  observed 

bandwidth. 

3. Determination of r ad ia t ion  i n t e n s i t y  of t he  harmonics by 

consider ing a s t eady- s t a t e  nonl inear  plasma o s c i l l a t i o n .  

4. Calculat ion of t he  energy f l u x  spectrum. 

5 .  Explanation of harmonic s t r u c t u r e .  

6 .  Explanation of band s p l i t t i n g  c h a r a c t e r i s t i c  with the  a i d  of 

t h e  d i spe r s ion  equat ion .  

- 5.3 Background Related Mater ia ls  

5.3.1 Solar Radio Bursts - --- 

5.3 . la Observational D a t a .  The c h a r a c t e r i s t i c s  of 

b u r s t s  of s p e c t r a l  Type 11, recorded w i t h  s p e c t r a l  equipment covering 

the  range 40-240 mc/s, have been studied by Roberts74 i n  a sample of 65 

b u r s t s .  

h a l f  are compound Type I11 - T y p  I1 bur s t s .  

Approximately half t he  bu r s t s  show harmonic s t r u c t u r e  and about 

Band s p l i t t i n g  and t h e  

doubling of both the fundamental and second harmonic bands i s  a l s o  

r e l a t i v e l y  common. 

occurrence of t h e  bu r s t s ,  t h e i r  frequency range, t h e  rate of frequency 

S t a t i s t i c s  are given by Roberts74 of t h e  rate of 

d r i f t ,  and harmonic r a t i o .  

are discussed i n  d e t a i l  i n  Reference 74. 

Some outstanding s p e c t r a l  c h a r a c t e r i s t i c s  

Some i n t e r p r e t a t i o n  of band s p l i t t i n g  has  been given by Roberts74. 

The c lose  correspondence between the two p a r t s  of a s p l i t  band suggests  

35 



36 

t ha t  the r a d i a t i o n  i s  produced by a common source emi t t i ng  a t  two 

d i f f e r e n t  f requencies .  Further  evidence f o r  t h i s  view i s  found i n  the 

narrow range of frequency sepa ra t ion  observed a t  any one frequency. 

Wild7" and h i s  coworkers suggested t h a t  the double-band s t r u c t u r e  might 

be the  r e s u l t  of magnetic s p l i t t i n g  analogous t o  the Zeeman e f f e c t .  

Unfortunately the theory of o s c i l l a t i o n  of a plasma i n  t h e  

presence of a magnetic f i e l d  i s  a t  present  somewhat confused. 

suggested t h a t  such a plasma has t h r e e  proper frequencies of v i b r a t i o n  

which a r e  the th ree  frequencies f o r  which the  r e f r a c t i v e  index i s  zero.  

On the  other hand, 

of plasma o s c i l l a t i o n  i n  a magnetic f i e l d  t o  be the  two frequencies  for 

which the r e f r a c t i v e  index i s  very l a r g e .  

these theo r i e s  appear t o  p red ic t  a l l  the observed p rope r t i e s  of t he  

s p l i t  bands. To decide whether t he  observed doubling of t h e  bands could 

be t h e  r e s u l t  of magnetic s p l i t t i n g  ev iden t ly  r equ i r e s  the development 

of a more complete theory,  e .g., t he  extension of the work of Akhiezer 

and Sitenkoal and Pine and Bohms2 t o  cover the case of a charged p a r t i c l e  

projected through a plasma which i s  pervaded by a s teady magnetic f i e l d .  

I f  such a theory should show t h a t  o s c i l l a t i o n s  occur a t  two frequencies 

separated by approximately the  gyro-frequency, then i t  would support  the 

i n d e n t i f i c a t i o n  of the observed s p l i t t i n g  as magnetic s p l i t t i n g .  

It w a s  f u r t h e r  pointed ou t  t h a t  the observed l ack  of p o l a r i z a t i o n  of the 

s p l i t t i n g  band i s  a f u r t h e r  d i f f i c u l t y  f o r  t h i s  type of t heo ry .  

W e ~ t f o l d ~ ~  

Sen7" and &yetso have taken the  frequencies 

It i s  shown74 t h a t  n e i t h e r  of 

More r ecen t ly ,  t h e  s p e c t r a l  observation of s o l a r  r ad io  b u r s t s  

of Type I1 has been discussed by Maxwell and Thompson75. 

the experimental da t a  l e d  them t o  suggest t h a t  t he  b u r s t s  a r e  caused 

by a dis turbance being propagated along a corona streamer i n  which the  

Analysis of 



e l e c t r o n  dens i ty  i s  approximately 10 times t h a t  of t h e  Baumbach-Allen 

model corona. The r a d i a l  v e l o c i t y  of t h i s  d is turbance,  deduced from a 

d e t a i l e d  examination of t he  frequency d r i f t  of t he  bursts, i s  est imated 

as 1000 - 1500 km/s r a t h e r  than 300 km/s deduced by Roberts7*. For the  

most p a r t  t he  d a t a  obtained by Maxwell75 e t  a l .  agree c lose ly  with those 

obtained by Roberts.  

slow-drif? bu r s t s ,  notably with t h e i r  l imited frequency range and t h e  

absence of t h i r d  and higher  harmonics, have been discussed. It i s  pointed 

ou t  t h a t  t he re  i s  no quan t i t a t ive  explanation f o r  t he  absence of t h i r d  

and higher  harmonics i n  the  spectrum of t he  Type I1 b u r s t s .  

considered t h e  traveling-wave so lu t ion  of nonl inear  l ong i tud ina l  e l e c t r o n  

o s c i l l a t i o n s  i n  a plasma stream, i n  the  absence of a magnetic f i e l d .  H e  

suggested t h a t  i f  l a rge  o s c i l l a t i o n s  of t h i s  kind were respons ib le  f o r  

t h e  solar r a d i o  bu r s t s ,  t he  bu r s t s  should be r i c h  i n  harmonics, and the  

amplitude of t h e  t h i r d  and f o u r t h  harmonics might be considerable .  

must be pointed out  however 

i n  the  absence of a magnetic f i e l d  would g ive  v i r t u a l l y  no rad io-  

frequency emission.  

I n  Reference 75 some unexplained c h a r a c t e r i s t i c s  of 

S t ~ e r d ~ ~  

It 

t h a t  longi tudina l  o s c i l l a t i o n  of t h e  plasma 

5.3 . l b  

The poss ib le  mechanism respons ib le  f o r  sporadic  solar 

Theoret, ical  Work on a Generation Mechanism 

--- f o r  Radio Bursts .  

r ad io  emission i n  an  i s o t r o p i c  corona plasma has been discussed by 

Ginzburg and Z h e l e ~ n i a k o v ~ ~  and the  noncoherent mechanism of so l a r  r ad io  

b u r s t s  from t h e  sun i n  the  presence of a magnetic f i e l d  has  a l s o  been 

s tudied  by the  same authors70 based on a l i n e a r  o s c i l l a t i o n  theory .  

They pointed out t h a t  a discussion of t h e  problem of t h e  genera t ion  

of r ad io  emission by the "dis turbed" sun, without  tak ing  account of t he  

magnetic f i e l d  I n  the  corona, i s  permissible only with re ference  t o  
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Type I1 burs t s  and Type Z T I  unpolarized r ad io  b u r s t s .  I n  t h e  case of 

polarized Type 111: b u r s t s ,  enhanced emission,  Type TV r ad io  emission,  

and r ad io  b u r s t s  of Type I., the e f f e c t  of the magnetic f i e l d  may not  be 

neglected.  The e f f e c t  of t h e  coronal  magnetic f i e l d  on t h e  propagation 

and emergence of e lectromagnet ic  f i e l d s  from t h e  corona has been discussed 

by Ginzburg and Z h e l ~ z n i a k o v ~ ~ .  

i n t ens i f i ca t ion  of t h e  wavcs i s  in t ima te ly  r e l a t ed  t o  i n s t a b i l i t i e s  and 

i s  l imi t ed  by nonlinear e f f e c t s ,  f o r  t,he case of a reasonably extended 

sys t e m  . 

They f u r t h e r  pointed out  t h a t  t h e  

The appearance of  powerful unpolarized Type 1.1 ou tburs t s  i s  due 

e i t h e r  to  the  remnants of a prominence erupted from the f l a r e  region o r  

t o  corpuscular streams ( w i t h  ve loc i ty  of - 2.10' cm/sec) e jec t cd  i n t o  

the corona simultaneously w i  th  t h e  prorni nence . I t may b e  hypothesi zed 

tha t  streams of p a r t i c l e s  are in j ec t ed  from the region where  Type I 1  

outbursts  a r e  generated from time LO time, and the fine s t r u c t u r e  of t h e  

t h i rd  s p e c t r a l  type i n  Type Z Z  outburs t s  i s r e l a t c d  to  thcse corpuscular  

streams. These corpuscular stxrams a r e  sometimes ejPct.<d during the full 

durat ion of a Type I1 outburs t  ( i  . c .  

obvious t h a t  prolonged local izat , ion of p a r t i c l e s  whose speed V 

cm/sec i n  a region w i  t h  a l i n e a r  dinlension of the order  of  3 x lo9 - 
3 

i n  a plasmoid moving out  fl-om the s i t e  of t he  f lare .  

f o r  a t e n t h  of a m i n u t e )  . I t  i s  

5 x lo9 

l o lo  em i s  impossible without t h e  presence of a magnetic " t rap" frozen 

More r ecen t ly ,  (lohen" h a s  pointed out  t h a t  t h e  harmonic s t r u c t u r e  

( i . e  ., t h e  burs t s  have a second harmonic b u t  not  a th i rd )  of Type TI 

burs t s  can be r e a d i l y  explained by a two-step process,  as f o r  the Type 

111 b u r s t s ,  discussed by Ginzburg e t  a1 .44,70m 

emission bands i n  'Type 11 burs t s  has  been  thought t o  be due t o  a magnetic 

f i e l d .  The most plausive suggestione6 i s  t h a t  t he  two f requencies  

l'he s p l i t t i n g  of the  



correspond t o  t h e  ex t raord inary  mode s i n g u l a r i t i e s  8 = 0, and 8 = x/2, 

where 8 i s  the  angle between the  d i r ec t ion  of wave propagation and the  

magnetic f i e l d  d i r e c t i o n .  Waves are generated near these  s i n g u l a r i t i e s  

by Cerenkov r a d i a t i o n .  These waves correspond c lose ly  t o  plasma waves, 

and they might be converted i n t o  the  magneto-ionic modes t h a t  can escape 

t o  t h e  e a r t h  by s c a t t e r i n g  on t h e  i o n  components of thermal dens i ty  

f l u c t u a t i o n .  

5.3.2 Beam-Plasma In t e rac t ion .  - -~ 
5.3.2a Space-Charge-Wave Amplif icat ion.  H a e f f 3 8  has  

appl ied t h e  theory of space-charge i n t e r a c t i o n  between streams of charged 

p a r t i c l e s  ( in te rmingl ing  streams) t o  the s o l u t i o n  of solar r a d i o  noise .  

Based on a l i n e a r  one-dimensional, s ing le-ve loc i ty  beam theory, he 

der ived t h e  d i spe r s ion  r e l a t i o n  and obtained t h e  information on i n s t a -  

b i l i t i e s  (ampl i f ica t ion)  . A f t e r  making some simplifying assumptions he 

obtained a probable s p e c t r a l  d i s t r ibu t ion ,  which i s  i n  good agreement 

with t h a t  observed . 
F e i n s t e i n  and Sen3' extended t he  i dea  of Haeff and showed t h a t  

t h e  p o s s i b i l i t y  of growth e x i s t s  even i f  t he  beam v e l o c i t y  i s  less than 

thermal  v e l o c i t y  by tak ing  i n t o  account t h e  e f f e c t  of thermal v e l o c i t y .  

Sen40 undertook t h e  s tudy of t he  nonlinear theory of space-charge waves 

i n  moving i n t e r a c t i n g  e l e c t r o n  beams by extending Haeff's theory,  and 

appl ied  the  theory  t o  the  so lu t ion  of the s o l a r  r ad io  noise  problem. 

He  considered t h e  complete equat ion of i n t e r a c t i o n  (equat ion of motion, 

con t inu i ty  equat ion,  and Poisson ' s  equation) , without t h e  l i n e a r  

approximation of two moving, s ing le-ve loc i ty  e l e c t r o n  beams and shows 

t h a t  t h e  propagation of s teady-s ta te  space-charge waves i s  poss ib le  i n  

such a medium. With the  a i d  of a t h e o r e t i c a l  ana lys i s  based on the  antenna 
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theory of electromagnetic r a d i a t i o n  from an o s c i l l a t i n g  plasma, Sen then 

obtained an est imate  of the re la t ive  i n t e n s i t y  of the second harmonic 

component of r a d i o  b u r s t s  . The t h e o r e t i c a l  r e s u l t  thus obtained i n d i c a t e s  

agreement within a n  order of magnitude, with t h a t  observed by Wild e t  d?6. 

5 -3.2b Beam-Plasma I n s t a b i l i t y  . These i n s t a b i l i t i e s  

can arise because of inhomogeneities i n  t h e  plasmas4, or i n  the magnetic 

f i e l d 5 5 .  

have been receiving increased a t t e n t i o n .  

cold plasma system i n  the absence of a magnetic f i e l d  has been given by 

N e ~ f e l d ~ ~ ? ~ ~ .  Exc i t a t ion  of a plasma by a beam of f i n i t e  cross  s e c t i o n  has 

a lso been studied58 and used as an amplifying mechanism f o r  microwaves5”. 

_ .̂- -____ 

I n s t a b i l i t i e s  i n  t h e  plasma with an  i n j e c t e d  e l e c t r o n  beam 

Analysis f o r  a one-dimensional, 

Analysis of beam-plasma i n t e r a c t i o n s  w i  th  g r e a t  t h e o r e t i c a l  d e t a i l  i s  a l s o  

available61,62,87 . 
I n s t a b i l i t i e s  i n  a plasma-beam system immersed i n  a magnetic f i e l d  

have been s tudied by Neufeld and FIright6*. 

invest igated the i n t e r a c t i o n  of a s t a t i o n a r y  plasma immersed i n  a s t a t i c  

magnetic f i e l d  with an e l e c t r o n  beam of small i n t e n s i t y .  Based on a l i n e a r  

analysis ,  expressions are derived f o r  frequencies and rate of growth of the 

More r ecen t ly  Neufeld66 has 

t ransverse waves exc i t ed  by the beam. Neufeld’s ana lys i s  involves the 

inves t iga t ion  of i n s t a b i l i t i e s  i n  a plasma-beam system i n  which an e l e c t r o n  

beam aligned i n  a d i r e c t i o n  p a r a l l e l  t o  t h a t  of the impressed s t a t i c  

uniform magnetic f i e l d  e x c i t e s  t ransverse waves moving with the beam. 

A cold, uniform plasma w a s  assumed t o  be comprised of e l e c t r o n s  and 

s ingly charged i o n s .  Certain c h a r a c t e r i s t i c  f e a t u r e s  of t he  plasma-beam 

i n t e r a c t i o n  have been analyzed64. 

w e l l  as t h e  plasma exc i t ed  by the  beam i s  assumed t o  be a l igned along the 

d i r e c t i o n  of t he  magnetic f i e l d ,  one obtains  a long i tud ina l  and a 

t ransverse i n s t a b i l i t y .  

It w a s  shown66 t h a t  when the  beam as 



5.7.22 Conversion Process by S c a t t e r i n g .  The 

genera t ion  of plasma waves i n  the  i so t rop ic  chromosphere and corona 

( i n  normagnetic plasmas) is  of i n t e r e s t  i n  connection with sporadic  

s o l a r  r a d i o  emission only when these  longi tudina l  waves can be e f f i c i e n t l y  

transformed i n t o  t ransverse  ( rad io)  waves. 

t ransformation occurs only through t h e  s c a t t e r i n g  of l ong i tud ina l  waves 

by f l u c t u a t i o n  of t he  d i e l e c t r i c  constant,  8~ 21 6n2 (where n2 E 1 - wz/u2). 

There are two types of s c a t t e r i n g  of interest--Rayleigh s c a t t e r i n g  and 

combinational s ca t t e r ing ,  both of which have been discussed i n  d e t a i l  by 

Ginzburg e t  a 1  . 4 4 .  

I n  a homogeneous plasma t h i s  

I n  an inhomogeneous plasma t h e  e f f i c i ency  of the  t ransformation 

i s  increased  due t o  i n t e r a c t i o n s  be tween t h e  plasma and electromagnet ic  

waves wherever t he  approximation of geometric o p t i c s  does not  apply, i n  

add i t ion  t o  s c a t t e r i n g .  

It should be pointed out  t h a t  Rayleigh s c a t t e r i n g  produces no 

change i n  frequency and therefore  plays no r o l e  i n  determining the  

bandwidth of t he  escaping r a d i a t i o n .  Combinational s c a t t e r i n g ,  on the  

o the r  hand, involves  t h e  s c a t t e r i n g  of t he  exc i ted  waves by t h e  plasma 

waves c a r r i e d  by the  e l e c t r o n  dens i ty  f luc tua t ions  of the  medium; the  

bandwidth of the  sca t t e red  waves w i l l  be approximately the  sum of t he  

bandwidth of the  two waves. The bandwidth of t he  second harmonics 

generated by combination s c a t t e r i n g  may be l a r g e r  than  t h a t  of t he  funda- 

mental .  

5.3.2d Conversion Process by a Microwave E lec t ron  

-- Tube Model. 

s i o n  from t h e  longi tudina l  o s c i l l a t i o n  t o  t ransverse  electromagnet ic  

waves. 

Fe ins t e in  and Sen39 proposed a mechanism of energy conves- 

They suggested t h a t  t he  e lec t ron  tube model can be used when t h e  
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r a t e  of growth of l ong i tud ina l  o s c i l l a t i o n s  i s  such as t o  cause consider- 

able departure from uniformity i n  t h e  amplitude of o s c i l l a t i o n ,  and 

pointed out  t h a t  a q u a n t i t a t i v e  i nvest igat ion of energy t r a n s f e r  under 

these conditions r equ i r e s  a nonlinear theory.  

F e i n ~ t e i n * ~  h a s  examined q u a l i t a t i v e l y  the  f e a t u r e s  underlying 

the conversion of the long i tud ina l  wave energy of bunched charges i n t o  

transverse electromagnetic form i n  e l e c t r o n  t u b e s  and multi-stream plasmas. 

Sturrock" has s tudied the i n t e r a c t i o n  between long i tud ina l  

( e l e c t r o s t a t i c )  and t r ansve r se  (electromagnetic) waves i n  plasmas. The 

e f f e c t  of nonlinear terms i n  the dynamic equat ion governing wave propa- 

gat ion i n  the plasma was analyzed by a pe r tu rba t ion  procedure which i s  

acceptable f o r  amplitudes which are not too l a r g e .  H i s  c a l cu la t ion  

ind ica t e s  the p o s s i b i l i t y  of explaining why e m i  s s i o n  i s  observed 

predominantly a t  the fundamental and a t  the second harmonic as observed 

by V i l a  e t  a1 .76. 

5 . 3 . 3  Radiation from Plasma. -__ ~ 

5.3 . ja Radiation from Moving Sources.  Electrons 
I___ 

moving i n  an i s o t r o p i c  plasma with v e l o c i t i e s  g r e a t e r  than t h e i r  average 

thermal v e l o c i t y  lo se  energy mainly through c o l l i s i o n  with plasma 

p a r t i c l e s .  Bremsstrahlung resu l t s  from close e l e c t r o n  encounters.  The 

Vanilov-Cerenkov e f f e c t  i s  absent  f o r  electromagnetic waves i n  an 

i so t rop ic  plasma (nonmagnetic plasma) because the square of t he  r e f r a c t i v e  

i ndex of e l e  c tromagne t i c wave s 

i s  always l e s s  than un i ty  (here  LU 

o s c i l l a t i o n ,  E i s  the d i e l e c t r i c  c o n s t a n t ) .  

i s  the frequency of normal plasma 
P 

Therefore i n  an i s o t r o p i c  
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plasma, i n  add i t ion  t o  Bremsstrahlung plasma waves can be generated 

corresponding t o  d i s t a n t  encounters between e l e c t r o n s  and o the r  p a r t i c l e s  

of t he  medium. These plasma waves are of i n t e r e s t  t o  us because they can 

be transformed i n t o  electromagnetic waves and thus contr ibute  t o  r ad io  

emission of t he  plasma. 

The generat ion of ( long i tud ina l )  plasma waves through the  motion 

of a fast  e l e c t r o n  i n  an i s o t r o p i c  plasma i s  the Vanilov-Cerenkov e f f e c t  

fo r  these waves. Plasma waves with the frequency44 

w = (wz + 3 v; k 2 ) l I 2  ( 5 . 2 )  

( k i n e t i c  approximation) are emitted i n  the d i r e c t i o n  forming an angle 0 

with the  e l e c t r o n  ve loc i ty  v t h a t  i s  given by the condi t ion 
> 

@n3 cos9 
kv - 
03 

1 J ( 5 . 3 )  

A 
where v = a ( K  i s  the Boltzmann constant) ,  k i s  the wave number, 

@ e v/c,  and n3 i s  the r e f r a c t i v e  index of the plasma, and i t  has been 

assumed t h a t  vTk << w [o r  equivalent ly  A/& >> D, where D = (KT/4ne2N)’” 

i s  t h e  Debye r a d i u s ] .  

weakly damped, and one has 

T 

P 
I n  the region where v k << w , plasma waves a re  

T P 

where 

(5.4) 

Abele8’ has ca l cu la t ed  t h e  electromagnetic and acous t i c  f i e l d s  

as w e l l  as the  s p e c t r a l  d i s t r i b u t i o n  of r ad ia t ed  energy, f o r  a l i n e a r  

charge moving e i t h e r  i n  an i n f i n i t e  compressible plasma, or e x t e r i o r  and 

p a r a l l e l  t o  the surface of a plasma half-space.  
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Cohen71 c a r r i e d  o u t  a similar treatment f o r  a poin t  charge i n  an  

Tuan and Seshardri” have c a l c u l a t e d  the  i n f i n i t e  compressible plasma. 

rad ia t ion  from a moving l i n e  charge i n  a u n i a x i a l l y  an iso t ropic  medium 

(me = m, where w 

expressions f o r  the s p e c t r a l  d i s t r i b u t i o n  of the rad ia ted  e n e r w ;  see 

a l so  Johnsons1. 

r a d i a l l y  expanding spheri  c a l l y  s ynune tri c s h e l l  of charge may r a d i a t e  i n  

an an iso t ropic  plasma. 

the r a d i a t i o n  f i e l d s  and s p e c t r a l  d i s t r i b u t i o n  of energy i n  t h e  low- 

frequency range w << w w and he f i n d s  t h a t  the r a d i a t i o n  i s  confined 

within a narrow cone about the d i r e c t i o n  of the e x t e r n a l  magnetic f i e l d .  

i s  cyclotron angular frequency) and have obtained 
C 

I n  c o n t r a s t  t o  the case of  an i s o t r o p i c  medium a 

For a high-veloci ty  b u r s t ,  Fords2 has ca lcu la ted  

c’ P 

5.3.3b Radiation b-y -- Plasma O s c i l l a t i o n .  The genera t ion  

of rad io  noise by plasma o s c i l l a t i o n s  has been t h e  subjec t  of considerable  

a t t e n t i o n  r e ~ e n t l y ” ~ - ~ ~ .  

suggestion by Shklovskys9 t h a t  some r a d i o  b u r s t s  from the  sun had t h e i r  

o r i g i n  i n  coronal  plasma o s c i l l a t i o n .  The plasma o s c i l l a t i o n s  were 

assumed t o  be exc i ted  by the propagation of a dis turbance through the  

corona. One of t he  prevalent  features of Type T I  and Type I11 s o l a r  

noise s p e c t r a  i s  t he  appearance of a second noise band a t  about twice 

the plasma frequency74. 

t h a t  t h i s  rad io  noise does have i t s  o r i g i n  i n  a plasma o s c i l l a t i o n  

mechanism. 

I n t e r e s t  i n  t h i s  mechanism grew from the 

This f e a t u r e  has  been taken as s t rong  evidence 

The ca lcu la t ions  of rad io  emission by plasma o s c i l l a t i o n s  have 

been made by var ious workers; Fields3 showed t h a t  the plasma mode and the  

electromagnetic mode could couple when a d e n s i t y  o r  temperature grad ien t  

was sustained i n  t h e  plasma, or when a s t a t i c  magnetic f i e l d  was present ,  

and ca lcu la ted  the  r a d i a t i o n  from plasma o s c i l l a t i o n s  i n c i d e n t  on a 
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dens i ty  d i scon t inu i ty .  

propagating across  a dens i ty  d iscont inui ty  has s ince  been treated more 

f u l l y  by Tidman and Boyds4. 

a s  F i e l d ,  re laxed the  condi t ion of a density s t e p  and considered dens i ty  

v a r i a t i o n s  charac te r ized  by a small  parameter E t o  determine the  energy 

r ad ia t ed  t o  the  f i rs t  order i n  E .  

moment equat ions (neglec t ing  only moments higher  than the  second) and 

ca l cu la t ed  the noise  generated when the plasma o s c i l l a t i o n s  propagate i n  

t h e  presence of slowly varying gradients  using a WKB approach. The la t ter  

work by Tidman and WeissS7 made use of the c o l l i s i o n l e s s  Boltzmann 

equat ion  t o  consider grad ien ts  of a r b i t r a r y  s c a l e  length and compared 

t h e i r  r e s u l t s  with those from ca lcu la t ions  based on the  moment equat ions 

The same workers’’ have used second-order pe r tu rba t ion  theory t o  estimate 

the  amount of energy r ad ia t ed  by a plasma o s c i l l a t i o n  loca l i zed  i n  a 

zero-temperature plasma. They found tha t  coupling of l ong i tud ina l  and 

t ransverse  modes e n t e r s  t he  l i n e a r  theory i n  such a way t h a t  r a d i a t i o n  i s  

emitted a t  twice the  plasma frequency. 

The problem of r ad ia t ion  by plasma o s c i l l a t i o n s  

Gould”, using the  same moment equat ions 

Tidmans6 used a more exac t  se t  of 

The generat ion of r ad io  noise  by plasma o s c i l l a t i o n s  has been 

s tudied  by Boydlo0, making use of t h e  c o l l i s i o n l e s s  Boltzmann equat ion 

t o  descr ibe  the  e l e c t r o n  components of t he  plasma. A second-order 

pe r tu rba t ion  ca l cu la t ion  i s  performed t o  determine the  power spectrum Tor 

r a d i a t i o n  a t  t h e  second harmonic of the plasma frequency i n  a h o t  plasma 

i n  which the re  i s  no e x t e r n a l  magnetic f i e l d  and t h e  ions  a r e  of uniform 

d e n s i t y .  The e l e c t r o n  d i s t r i -  
A 3  A 1 

but ion  func t ion  f ( r , v , t )  and the  e l e c t r i c  f i e l d  E and magnetic f i e l d  H 

s a t i s f y  the  set  of Maxwell’s equat ion  and t h e  Vlasov equat ion ( c o l l i s i o n -  

less Boltzmann equat ion)  . 

equi l ibr ium state of t h e  e l e c t r o n  gas ,  

The approach used by Boyd i s  a s  fo l lows .  

Considering s m a l l  per turba t ions  about an 
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( 5 . 6 )  

1 A 1  L A  
H = H ( r , t )  + H 2 ( r , t )  . 

1 

Upon s u b s t i t u t i n g  Eqs.  5.5  - 5.7 i n t o  the Maxwell and Vlasov equat ions,  

a s e t  of f i r s t - o r d e r  equat ions and a se t  of second-order equat ions are 

obtained. Then take a Fourier  space transform and a Laplace t i m e  

transform of' the s e t  of second-order equat ions .  Assuming t h a t  t h e  

i n i t i a l  per turba t ion  i s  e n t i r e l y  f i r s t  order ;  and s e t t i n g  H equal  t o  

zero t o  s implify the algebra,  (and assuming E i s  purely longi tudina l )  

the s o l u t i o n  of t he  s e t  of f i r s t - o r d e r  equat ions can be determined once 

f i s  known, and the s o l u t i o n  of t h e  s e t  of second-order equat ions can 

1 

1 
L 

1 

0 
A 

be obtained once E and f are known. A f a r - f i e l d  approximation i s  made, 
1 1 

and asymptotic expressions f o r  the second-order f i e l d s  are obtained.  

Using the  Poynting vec tor  t he  c a l c u l a t i o n  of the energy f l u x  spectrum i s  

made. 
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APPENDIX A .  BOLTZMANN EQUATION ANALYSIS 

The ionosphere presents  an  environment i n  which the  c lose  c o l l i s i o n s  

of e l e c t r o n s  are f requent ly  not very  important, with the  consequence t h a t  

t h e  c o l l i s i o n l e s s  Boltzmann equat ion in t e rp re t ed  i n  t h e  sense of Landau 

and Vlasov may be expected t o  have considerable re levance.  Bol tmann ' s  

equat ion  descr ib ing  the  evolu t ion  of t h e  e l e c t r o n  dens i ty  func t ion  

f (x ,v , t ) - - the  number of e l ec t rons  per un i t  volume of phase space-- is  -+-+ 

If the  e f f e c t  of c lose  c o l l i s i o n s  i s  ignored, and the  acce le ra t ion  a' 

i s  evaluated i n  terms of t he  smeared-out e l e c t r i c  f i e l d  a r i s i n g  from the  

charge d i s t r i b u t i o n ,  so t h a t  

e - +  + 
a = - - E  m , 

t he  Landau-Vlasov equat ion i s  obtained.  
--f 

Since E depends on f ,  Eq, A . l  i s  nonl inear  and, a p a r t  from a f e w  

s p e c i a l  so lu t ions ,  can only be d e a l t  with by using a per turba t ion  theory 

o r  r e s o r t i n g  t o  numerical i n t e g r a t i o n .  It  i s  the  l a t t e r  course which will 

be followed he re .  For  s impl ic i ty ,  a one-dimensional t reatment  w i l l  be 

given .  

mathematical po in t  of view, but  may prove t o  be so  when t h e  c o s t  of 

m u l t i  -dimensional computer ca lcu la t ions  i s  considered.  

This i s  not  an inherent  l imi t a t ion  of t h e  approach from a pure ly  

The equat ion on which the  analysis  w i l l  be founded i s  therefore  
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A s i m i l a r  equation i s  v a l i d  f o r  t he  ions ,  but i t  i s  s u f f i c i e n t  t o  c a r r y  

through the argument f o r  the e l e c t r o n s  s ince  t h e  only coupling occurs 

through the force  term appearing i n  the  a c c e l e r a t i o n .  The force  w i l l  

be evaluated subsequently from Poisson 's  equat ion.  (The q u a s i - s t a t i c  

approximation i s  i m p l i c i t  i n  the use of Poisson 's  equation.)  

If a closed volume i s  considered, it i.s c l e a r  t h a t ,  al though t h e  

d i s t r i b u t i o n  of p a r t i c l e s  e n t e r i n g  t h i s  volume can be s p e c i f i e d ,  t h e  

d i s t r i b u t i o n  of those which leave i t  cannot be spec i f ied  a p r i o r i .  I n  

other words, the boundary condi t ions i n  both space and v e l o c i t y  can only 

be spec i f ied  f o r  incoming p a r t i c l e s .  I n  the one-dimensional case i t  i s  

convenient t o  th ink  of a lef t -hand boundary a t  x = 0 and a right-hand 

boundary a t  x = d .  The d i s t r i b u t i o n  funct ion may then be given f o r  

pos i t ive  v e l o c i t i e s  a t  the l e f t  boundary and f o r  negative v e l o c i t i e s  a t  
+ 

the r i g h t  boundary. It  i s  convenient t o  def ine v e l o c i t y  moments M and k 

q, over the pos i t ive  and negative v e l o c i t i e s ,  respec t ive ly ,  as follows: 

0 

From E q .  A . 3  it follows t h a t  

An orthogonal polynomial expansion i s  made f o r  f ( x , v , t )  a t  t h i s  s t a g e .  

I 

where the polynomials PL(v)  of degree k i n  v are vrthonormal with respec t  

t o  the  weighting func t ion  w'(v) over the range ( O , + m ) .  

k 
For an  exac t  



r ep resen ta t ion  of f ,  an i n f i n i t e  s e r i e s  i s  needed i n  Eq. A . 6 ,  however, 

an nth order  approximation can be made by assuming = 0 f o r  k 2 n .  

of the  kth polynomial are def ined by 
+ 

If  the  c o e f f i c i e n t s  C- 
k, 1 

f = O  

t h e  t e r m  on the  right-hand s i d e  of Eq. A . 5  f o r  k = 0 becomes 

The term sgn(-a) implies t h a t  the pos i t ive  expansion i s  used f o r  a l l  

c o e f f i c i e n t s  when the  acce le ra t ion  i s  negative,  and v i ce  v e r s a .  This 

choice arises from cons idera t ion  of the boundary condi t ions i n  v e l o c i t y  

space.  

example, t h e  p a r t i c l e s  en te r ing  the  pos i t ive  v e l o c i t y  reg ion  (and the re fo re  

having pos i t i ve  acce le ra t ion )  must o r ig ina t e  as p a r t i c l e s  leav ing  the  

negat ive v e l o c i t y  reg ion .  

from t h e  negative v e l o c i t y  reg ion  must spec i fy  f(x,O,t )  on the  boundary 

v = 0 of the  p o s i t i v e  v e l o c i t y  reg ion .  

P a r t i c l e s  can only e n t e r  across the  boundary v = 0. Thus, f o r  

Therefore,  the value of f (x,O,t) determined 

O n e  more equat ion arises from an i d e n t i t y  s a t i s f i e d  by v i r t u e  of 

t h e  t runca ted  polynomial expansion 

b 
n,n k=o 

I n  order  t o  g e t  t he  p a r t i a l  d i f f e r e n t i a l  equat ions i n  s tandard form f o r  

computation, a l i n e a r  t ransformation of t he  moments i s  made of t h e  form 
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Mi . + 
1 

- 
m. = (A .lo) 

j = O  

I f ,  i n  addi t ion ,  Laguerre pol.ynominals L (+v) are used which are 

orthogonal with respec t  t o  the weighting funct ions wf(v) = e 

(0,k CU) , t he  r e s u l t i n g  equat ions are 

k -  
Fv over 

k = 0, 1, 2 . . .  n - 1 . (A.ll) 

The parameters h h . . . h are the zeros of t he  nth order  Laguerre 

polynomi.al. These are the  equations programmed on the  computer. The 

i n i t i a l  condi t ions of m- are obtained from the moments of t he  boundary 

conditions and t h e  t ransformation E q .  A .lo. 

0’ 1 n-1 

t 

k 

So f a r  t he  nonl inear i ty  of t he  equat ion which arises i n  t h e  

acce lera t ion  t e r m  has not been introduced e x p l i c i t l y .  This term w i l l  

now be considered i n  the  case of an  e lec t ron- ion  model of a plasma which 

has p a r t i c l e  dens i ty  functions fe  and f .  r e s p e c t i v e l y .  

are 

The bas ic  equat ions 
1 

e e af 

e 

af 
+ v = - - E z  = @ ,  

afe 
m a t  

- + v -  aX m. 
1 

a t  



i n  which the  e l e c t r i c  f i e l d  E(x , t )  i s  determined from Poisson ' s  equation, 

m 

[ f i ( x , v ' , t )  - f e ( x , v ' , t )  ] dv'  . 
0 

(A .14) 
-a 

If V i s  t h e  p o t e n t i a l  of t h e  boundary x = d with respec t  t o  the  

p o t e n t i a l  of x = 0, Eq.  A . 1 4  can be in tegra ted  t o  obta in  E: 

d 

X r n  

E(x , t )  - - e E [ J  [ f i ( x ' , v ' , t )  - f e ( x ' , v ' , t ) ]  dv 'dx '  
0 0 -m 

d x" 

(A .15) 
'd 

- f J 9 [ f i (X ' ,V ' , t )  - f e ( x ' , v ' , t ) ]  dv'dx'dx'' - - d '  
0 0 0 -m 

I n  order  t o  reduce t h e  number of independent parameters t o  a 

minimum, normalization of t h e  variables h a s  t o  be c a r r i e d  o u t .  

are two main f a c t o r s  in f luenc ing  the  form of the  normalizat ion.  

There 

1. Since both p a r t i c l e  species  i n t e r a c t  continuously,  the  same 

time sca l e  must be used f o r  both equat ions.  

2 .  The inequa l i ty  me/2kTe << mi/2kTi i s  always satisfied under 

r e a l i s t i c  circumstances ( e s s e n t i a l l y ,  t h e  thermal v e l o c i t y  of the  e l ec t rons  

i s  much g r e a t e r  than t h a t  of the ions )  and i n  o rde r  t o  g e t  an adequate 

r ep resen ta t ion  of t he  dens i ty  funct ions it i s  des i r ab le  t o  have d i f f e r e n t  

s c a l e s  f o r  t he  v e l o c i t i e s  i n  the  e lec t ron  and i o n  equat ions .  

An unavoidable consequence of (1) above i s  t h a t  t he  ions move very 

slowly on a t i m e  s c a l e  which w i l l  adequately descr ibe the  motion of t he  

e l ec t rons ,  and so  many s t eps  of computation are requi red  t o  fol low t h e  

motion completely.  A convenient normalization a r r ived  at, bear ing t h e  

above f a c t o r s  i n  mind,is as follows: 



P2kTe 
Vd = ____ e 'd ( A  .16) 

I n  these  equat ions p i s  an  a r b i t r a r y  cons tan t  parameter which i s  chosen 

t o  optimize the  numerical approximation of the  boundary cond i t ions .  The 

normalized equat ions a re  

E N =. ( J?.dv" - S F e d q e  ) dx '  i i  
0 -a -m 

(A .17) 

(A .18) 

N 

N -rf" ( f ?.dv" i i  - ) d;' d;" - Vd . (A.19) 
0 0  -03 -a 

52 



As an example of t he  type of ca lcu la t ion  which can be performed, an 

i n t e r p e n e t r a t i n g  i o n  and e l e c t r o n  stream w i l l  be considered. Suppose 

t h a t  t he re  i s  a source of electrcns a t  x = C with pos i t i ve  streaming 

v e l o c i t i e s  which have a ha l f  -Maxwellian d i s t r i b u t i o n  with temperature 

Te, and a t  x = d the re  i s  an i o n  source with negative streaming v e l o c i t i e s  

which have a s i m i l a r  d i s t r i b u t i o n  of temperature T..  The boundary 
1 

condi t ions are 

exp ( -  mev2/2kTe) ; v - > 0 , 

fe (d ,v , t )  = 0 ; v < 0 , ( A  .21) 

f i ( O , V , t )  = 0 ; v > 0 , (A .22) 

J. m. 
f i (d ,v , t )  = - kT. e exp ( -  miv2/2kTi) ; v -5 0 , (A .  23) 

1 1  

1 

fi(x,v,O) = fe(x,v,O) = 0 ; a l l  v ,  0 . l x . Z d  . (A.24) 

The las t  condi t ion  states t h a t  no p a r t i c l e s  are present  i n i t i a l l y .  I n  

terms of the  normalized va r i ab le s ,  Eqs. A .20 t o  A .24 become 

N -q . (A .26) N N N  

f . ( l , v i , t )  1 = N. 1 e 9 v < o ,  i 

where 

= -  8 ( - eVd y’2 ( - > )li2 5 , a =  i ,e 
Na 911 kTe a ,  Jad 

( A .  27) 
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and 
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( ~ 2 8 )  

p i s  determined by r equ i r ing  t h a t  the right-hand s i d e  of Eq. A . 8  should 

y i e ld  exac t ly  the spec i f i ed  boundary values a t  v = 0 i n  Eqs . A . 2 0  and 

A . 2 3 .  The f i v e  remaining disposable parameters are the re fo re  

Te Ji J, - eVd 

Jed ' kTe * 

m 

m e ' T i '  
- i - 

J id  ' 

An example showing the ion  and e l e c t r o n  cu r ren t s  a t  va r ious+  

planes as they change with t i m e  i s  shown i n  F i g s .  A . l  and A.2. I n  t h i s  

case 

eVd 2.0 . - _ - -  - 0.35% k~ = 
Ji - Je 

3 '  - 1000' - = 
Te m 

m e Ti J i d  Jed e 

i - _  

The normalized u n i t  of time i n  both f i g u r e s  may be i n t e r p r e t e d  as being 

approximately the  t r a n s i t  t i m e  f o r  an e l e c t r o n  with the  average e l e c t r o n  

thermal v e l o c i t y .  

at  a state of equi l ibr ium a f t e r  about two t r a n s i t  times. 

It can be seen t h a t  the e l e c t r o n s  v i r t u a l l y  a r r i v e  



X 

I 
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APPENDIX B .  LAGRANGIAN ANALYSIS 

1. In t roduct ion  - 

The sub jec t  of nonlinear beam-plasma-electromagnetic wave i n t e r -  

a c t i o n  phenomena has become of g r e a t  interest  i n  ionospheric propagation 

s t u d i e s  r ecen t ly  a s  a r e s u l t  of experimental f ind ings  i n  such areas  as 

VLF emissions.  An understanding of the e s s e n t i a l  f e a t u r e s  of p a r t i c l e -  

wave i n t e r a c t i o n s  i n  an iso t ropic  media requires  a general  nonlinear 

ana lys i s  i n  order  t o  ca l cu la t e  energy t r ans fe r  between system cons t i t uen t s .  

A genera l  Lagrangian nonlinear ana lys i s  i s  out l ined  here  and appl ied t o  

the  beam-plasma system. 

The Lagrangian method allows f o r  t r a j e c t o r y  crossovers ,  and 

multi-dimensional e f f e c t s  are e a s i l y  included. The b a s i s  of the  formula- 

t i o n  i s  the  i n t e g r a t i o n  of the  equations of motion along a dynamical 

t r a j e c t o r y ,  summing all fo rces  a c t i n g  on r ep resen ta t ive  charge groups 

i n j e c t e d  a t  some i n i t i a l  plane.  F i n i t e  temperature plasmas and beams 

are e a s i l y  included by specifying appropriate  d i s t r i b u t i o n s  i n  ve loc i ty -  

phase space.  

- 2 .  Nonlinear Equations for Combined %-Dimensional Beam-Plasma and 

C i r c u i t  

The genera l  nonl inear  Lagrangian theory developed here  app l i e s  t o  

t h e  model i l l u s t r a t e d  i n  F i g .  B.1  where e i t h e r  beam may be made up of 

e l e c t r o n s  o r  be an i d e a l  plasma. The combination might a l s o  be surrounded 

by a wave propagating c i r c u i t .  A one-dimensional f in i te -d iameter  

a x i a l l y  symmetric system i s  assumed. The plasma f i e l d  i s  a l s o  assumed 

t o  be f u l l y  ionized and any a f f e c t s  of neu t r a l s  on the  i n t e r a c t i o n  process 
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DRIFT TUBE OR PERIODIC CIRCUIT 

FIG. B .1 BFAM-PLASMA-CIRCUIT INTEFbWTION CONFIGURATION. 



i s  neglec ted .  Nonre l a t iv i s t i c  p a r t i c l e  and wave v e l o c i t i e s  are a l s o  

assumed. 

2 .1  Def in i t i ons .  Since it is  desired t o  allow each of  t he  charge - 
f i e l d s  of F ig .  B .1  t o  have an a r b i t r a r y  s i g n  w e  def ine  appropriate  charge- 

to-mass r a t i o s  as 

and 

where E , E 

p a r t i c u l a r  f i e l d .  The following fundamental d e f i n i t i o n s  p e r t a i n  t o  

combined charge-to-mass r a t i o s  and the  respect ive “charge f i e l d ”  c u r r e n t s .  

= k 1 according t o  the  negative or pos i t i ve  charge of t he  
1 2  

!rill + II,! 
f rl0= a 

70 - 2 

and 

l%e s t a t i c  f i e l d  cur ren ts  are given by 

Define t h e  fol lowing 

Dol! + !I 02 I 
Io a - 2 I o =  

and 



The average v e l o c i t y  of the two d r i f t i n g  charge f i e l d s  i s  given by 

and a r e l a t i v e  v e l o c i t y  parameter i s  then defined as 

Thus the ind iv idua l  i n i t i a l  average v e l o c i t i e s  are given by 

and 

u = uo(l + b) 
01 

u = u o ( l  - b) . 
02 

Since a one-dimensional system i s  assumed any poss ib l e  p o t e n t i a l  

depression across  the charge f i e l d  i s  ignored.  

-- 2.2 R-f C i r c u i t  Equation. Following the  p a t t e r n  of previous 

one-dimensional analyses the presence of an r-f propagating c i r c u i t  i s  

accounted f o r  by t h e  following one-dimensional e q u i v a l e n t - c i r c u i t  

transmi ss ion - l ine  equat ion.  

w h e r e  possible  c i r c u i t  l o s s  has been neglected and the  plus  s i g n  on the  

r i g h t  of Eq. B.8 assumes a forward-space harmonic i n t e r a c t i o n  and the 

minus s i g n  a backward-wave i n t e r a c t i o n .  The r - f  vol tage func t ion  i s  

again w r i t t e n  as the  product of slowly varying funct ions of the type 

( B  .9) 
A zolo V ( z , t )  = V(y,@) = R e  [ 7 A(y) e 
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where 

A ‘ 0  ‘0’0 

2u2 
c =  

0 

and 

It i s  convenient t o  introduce another ve loc i ty  parameter which i n d i c a t e s  

t h e  d i f fe rence  i n  the  average stream veloc i ty  u 

v . This parameter i s  defined by 

and the  c i r c u i t  v e l o c i t y  
0 

0 

where 

U 

V 
0 

0 

- = 1 + c p  . 

The normalized a x i a l  d i s tance  and p a r t i c l e  phase-posi t ion va r i ab le s  are 

def ined fol lowing previous work as 

and 

(B.lO) 

(B.ll) 

where Ns = z/hs = zf/uo. 

the p a r t i c l e  v e l o c i t i e s  as 

The de f in i t i ons  axe completed by in t roducing  

d t  1 01 1 
and 

(B.12) 
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The values of A(y), 0 ,  u and u t h a t  a p a r t i c u l a r  charged p a r t i c l e  
1 2 

experiences a t  a given displacement plane depend upon the i n i t i a l  phase 

character iz ing i t s  e n t r y  i n t o  one of the charge f i e l d s .  The i n i t i a l  

phases a r e  defined as @ 

second charge f i e l d s ,  r e s p e c t i v e l y .  The r e s u l t i n g  two inhomogeneous 

c i r c u i t  equations are 

and @ f o r  the p a r t i c l e s  i n  the  f i r s t  and 
o l , j  02, j 

cos Q1dQ& ~~D(1-1') 12' 
0 

cos @"dOg2 ' 

+ II (1-b) 1 + 2cu; (B.13) 1 
1 + 2CU' 

1 
- JI ( l+b)  
- 

0 

and 

E ~ ( ~ + I ' )  s i n  @'dQdl E 2 ( l - 1 1 )  s i n  O"d0" 
+ . (B.14) 02 - - 

II (l+b) 1 + 2cu; r[ ( 1-b) 1 + 2cu; 
0 0 

Dependent Variable Equations 

A f t e r  taking the appropriate  d i f f e r e n t i a l s  of the dependent phase 

va r i ab le s  the  following r e l a t i o n s  between @ and u are evolved: 

and 

Each of  the above equations i s  "m" i n  number when m i nd iv idua l  charge 

groups a r e  considered. 
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Lorentz Force Equations 

W e  have assumed t h a t  a l l  microscopic c o l l i s i o n  e f f e c t s  may be 

neglected and s ince  a l l  wave and p a r t i c l e  v e l o c i t i e s  are small  compared 

t o  the  v e l o c i t y  of l i g h t  the  p a r t i c l e  self-magnetic f i e l d  i s  neg l ig ib l e  

and thus for confined one-dimensional f low t h e  Lorentz fo rce  equat ions 

become 

dv 1 -  3% 
9, - -&- + Escz- l  

- -  
d t  

and 

(B .16) 

represent  t he  t o t a l  space-charge f i e l d s  a c t i n g  where Es z-1 and Escz-;! 

upon each p a r t i c l e  i nd iv idua l ly .  "he e f f e c t s  of c o l l i s i o n s  may be 

introduced by adding an  a d d i t i o n a l  e l e c t r i c  f i e l d  t e r m  appropr ia te  t o  the  

c o l l i s i o n  model. 

The space-charge-field expressions are ca lcu la ted  from e l e c t r o -  

s t a t i c s  f o r  an a x i a l l y  symmetric system consider ing the  charge f i e l d s  t o  

be concent r ic  r i n g s  of charge.  It i s  convenient t o  def ine  a mean rad ius  

f o r  the  ou te r  charge f i e l d .  Thus 

b '  + b l  

2 
A 2  b: = 

The t o t a l  coulomb f i e l d  i s  t h e  sum of tha t  produced by each charge f i e l d  

a c t i n g  sepa ra t e ly .  Poisson ' s  equat ion is w r i t t e n  as 

(B.20) 

A where a = cross-sec t ion  area of the  p a r t i c u l a r  charge f i e l d .  The comple- 

mentary Laplace equat ion must a l s o  be s a t i s f i e d  f o r  b: : b : a and the  



f i e l d  matching a t  the var ious boundaries def ines  the  eigenvalue problem, 

the eigenvalues being the space -charge-wave propagation constants  

designated as B and p,, r e s p e c t i v e l y .  
1 

I n  the above Lagrangian d e s c r i p t i o n  of the system i n t e r a c t i o n  

and p are w r i t t e n  i n  terms of t he  e n t e r i n g  , p1 2' 
the charge d e n s i t i e s  

charge d e n s i t i e s ,  r e spec t ive ly ,  after invoking the  conservat ion of charge.  

The following expressions evolve: 

and 

(B.21) 

The one-dimensional space-charge-field weighting funct ions are derived 

following t h e  procedure out l ined i n  Reference 101. 

n= 1 

( B  .24) 

and 

where t he  symbols 0; and 

t h e  second ( f i rs t )  beam". 

mean "taking the phase of t h e  p a r t i c l e s  i n  
1 

Now define the  appropriate  radian plasma 

frequencies as 
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and 

(~.26) 

The complete forms f o r  the e l e c t r i c  f i e l d s  associated with the  charge 

f i e l d s  a r e  now w r i t t e n  as 

and 

S u b s t i t u t i o n  of the  above expressions for the f i e l d s  and the plasma 

f requencies  i n t o  E q s .  B.17 and ~.18 yields  the  f i n a l  form of the fo rce  

equa t ions .  
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and 

E E (1-78) 
1 2  +---------- 

(1 -b )  '( l+q I )  

1 
(1-b) * +- 

y y  COC 

0 

The above system of equations (B.13, B.14, B.15, ~ . 1 6 ,  B.29 and B.30) are 

the nonlinear equations f o r  the beam-plasma or  double-beam system including 

the presence of r-f c i r c u i t  f i e l d s .  

f ac to r s  which determine the  e f f e c t i v e  plasma frequency are shown i n  

Fig.  B . 2 .  

The r ad ian  plasma frequency reduct ion 

3 .  Double-Beam I n t e r a c t i o n  - 

I n  the case of two e l e c t r o n  beams i n t e r a c t i n g ,  i .e ., E = E = -1 
1 2 

we would expect  t o  ob ta in  r e s u l t s  much l i k e  the ones f o r  the k l y s t r o n .  

I f  b = 0, i . e . ,  no v e l o c i t y  s l i p  between beams, then the r e s u l t s  are 

i d e n t i c a l  t o  those f o r  t he  k l y s t r o n .  If  b 0 then the  c u r r e n t  cha rac t e r -  

i s t i c s  of the two beams are displaced with r e spec t  t o  one another as a 

r e s u l t  of the phasing of cu r ren t s  i n  the  two beams. The harmonics are of 

lower amplitude and reach a maximum i n  a s h o r t e r  d i s t ance  from the v e l o c i t y  

modulation c a v i t y .  

beam) i s  approximately 1.16 which corresponds t o  the  b a l l i s t i c  theory 

value of 

The maximum value of i /I ( k  denotes the p a r t i c u l a r  
1 ok 

i 

I O  max. 

- 1 = 2 q  

= 2(0.58) = 1.16 . 
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The d i s t ance  sca l e  i s  again p l o t t e d  i n  terms of the bunching parameter 

X = f l d N  s o  t h a t  when X 

converted t o  a cu r ren t  modulation, i .e ., i n  A /4 as predicted by the  

b a l l i s t i c  theory.  

1.84 the i n i t i a l  v e l o c i t y  modulation has been 
S 

9 

I n  beam and plasma problems a c h a r a c t e r i s t i c  length r e l a t e d  t o  

both the dens i ty  and temperature of the charge f i e l d  i s  the  Debye length 

)a. The normalized length y = X i s  w r i t t e n  i n  terms of t h e  Debye length as 

The e f f e c t  of space charge, i .e ., f i n i t e  (u /w, on the  fundamental 
P 

current  amplitude i s  depicted i n  F i g .  B .3  for zero v e l o c i t y  s l i p .  The 

p r inc ipa l  e f f e c t  i s  t o  inc rease  the  fundamental cu r ren t  amplitude above 

the 1.16 value i n  one beam a t  the expense of the  o the r  beam. 

a l so  a s l i g h t  s h i f t i n g  of t he  p o s i t i o n  a t  which the  c u r r e n t  i s  a maximum, 

again the average i s  approximately t h a t  f o r  the b = c) c a se .  Similar  

There i s  

s h i f t s  appear when the re  i s  a v e l o c i t y  s l i p  between the beams. 

4 .  &am-Plasma I n t e r a c t i o n  - -~ 

The c h a r a c t e r i s t i c s  of the beam-plasma i n t e r a c t i o n  are q u i t e  

similar t o  those of the double-beam case,  t he  fundamental cu r ren t  

amplitudes being i n  the v i c i n i t y  of 1.16. The same equations apply t o  

t h i s  problem and the  d i f f e rence  i n  charge s igns  i s  accounted f o r  by the  

spec i f i ca t ion  of E and E ~ .  I n  t h i s  s e c t i o n  E = -1 and E = 1. A 

summary of the c u r r e n t  information on the  beam-plasma i n t e r a c t i o n  i s  shown 

i n  Fig. B . 4 .  

1 1 2 

These d a t a  i n d i c a t e  t h a t  t he  fundamental cu r ren t  amplitude 

i n  the e l e c t r o n  beam can rise w e l l  above the 1.16 value while the 

corresponding value f o r  t he  i o n  beam i s  approximately 1.05. The exac t  

values a re  qu i t e  dependent upon b, 1’ and 9 ’  . 
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